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1 Ââåäåíèå

Â ñîâðåìåííîé òåîðåòè÷åñêîé ôèçèêå èíòåðåñ ïðåäñòàâëÿþò ìîäèôèöèðîâàííûå òåîðèè ãðà-
âèòàöèè [1] [2]. Îäíîé èç òàêèõ òåîðèé ÿâëÿåòñÿ òåîðèÿ êâàäðàòè÷íîé ãðàâèòàöèè [3] - òåîðèÿ
ñ äåéñòâèåì, ñîäåðæàùèì êâàäðàòè÷íûå ïî êðèâèçíå èíâàðèàíòû íàèáîëåå îáùåãî âèäà. Ñ
ó÷¼òîì òåîðåìû Ãàóññà-Áîííå îíî èìååò âèä:

A = A0 +A1 +A2 A0 = Λ

∫
d4x
√
G A1 = −κ

6

∫
d4x
√
GR (1)

A2 =

∫
d4x
√
G
(
c1R

2 + c2CµνρλC
µνρλ

)
(2)

ãäå Cµνρλ-òåíçîð Âåéëÿ.Ðàññìîòðèì îäíîðîäíîå ïðîñòðàíñòâî ñ ìåòðèêîé FLRW, îáùèé âèä
êîòîðîé åñòü:

ds2 = N2(t)dt2 − a2(t)dx2 (3)

Â [4] áûëà íàéäåíà ôóíêöèÿ g(τ), èíâàðèàíòíàÿ îòíîñèòåëüíî ãðóïïû äèôôåîìîðôèçìîâ
Diff(R+). Ïðåäñòàâëÿþò èíòåðåñ äâà ÷àñòíûõ ñëó÷àÿ çàïèñè ìåòðèêè:

ds2 = dt2 − a2(t)dx2 a(t) = g′(g−1(t)) (4)

ds2 = (g′(τ))2(dτ 2 − dx2) t = g(τ) (5)

Âî âòîðîì ñëó÷àå, âåëè÷èíû, âõîäÿùèå â äåéñòâèå, âûðàæàþòñÿ ÷åðåç g′ ñëåäóþùèì îáðàçîì:

R = −6
g′′′

(g′)3
Cµνρλ = 0

√
G = (g′)4 (6)

È äåéñòâèå ýôôåêòèâíî ñâîäèòñÿ ê îäíîìåðíîìó:

A = A0 + A1 + A2 Ai =
Ai∫
d3x

(7)

A0 = Λ

∫
dτ (g′(τ))

4 (8)

A1 = −κ
∫
dτ

[
(g′′(τ))

2 − d

dτ
(g′(τ)g′′(τ))

]
(9)

A2 =
λ2

2

∫
dτ

(
g′′′(τ)

g′(τ)

)2

(10)

Ðåøåíèå êëàññè÷åñêîãî óðàâíåíèÿ äâèæåíèÿ ïðè Λ = 0 åñòü

g(τ) =
στ 2

2
τ(t) =

√
2t

σ
a(t) =

√
2σt (11)

Ðàññìîòðèì èíòåãðàë ïî òðàåêòîðèÿì∫
F (g)e−A(g)dg =

∫
F (g)e−A0(g)−A1(g)e−A2(g)dg =

∫
F (g)e−A0(g)−A1(g)µ(dg) (12)

µ(dg) = e−A2(g)dg (13)
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Ââåä¼ì ïåðåìåííóþ q(τ)

q =
g′′

g′
g′′′

g′
= q′ + q2 (14)

Ïðîèçâåä¼ì íåëèíåéíóþ íåëîêàëüíóþ çàìåíó ïåðåìåííûõ:

p(τ) = q(τ) +

∫ τ

0

q2(τ ′)dτ ′
g′′′

g′
= p′ (15)

Ïðè ïîìîùè ýòîé çàìåíû ìåðà (13) ïðåîáðàçóåòñÿ ê âèäó ìåðû Âèíåðà íà ïðîñòðàíñòâå
êóñî÷íî-íåïðåðûâíûõ ôóíêöèé p(τ)

µ(dg) = e−A2(g)dg = e−
∫ τ
0 (p′(τ1))2dτ1dg = w1/λ(dp) (16)

Èíòåãðàëû ïî ìåðå Âèíåðà îò ïðîèçâåäåíèé ôóíêöèé p(τ) áåðóòñÿ ïî ñëåäóþùèì ïðàâèëàì:∫
p(τ)w1/λ(dp) = 0

∫
p(τ1)p(τ2)w1/λ(dp) =

1

λ2
min(τ1, τ2) (17)

Â ñëó÷àå ïðîèçâåäåíèÿ áîëüøåãî êîëè÷åñòâà ñîìíîæèòåëåé èíòåãðàë ðàâåí 0 ïðè íå÷¼òíîì
èõ ÷èñëå, à ïðè ÷¼òíîì ìîæåò áûòü âû÷èñëåí ñ ïîìîùüþ òåîðåìû Âèêà.

Äëÿ âû÷èñëåíèÿ ôóíêöèîíàëüíûõ èíòåãðàëîâ â ýòîé òåîðèè âñå âåëè÷èíû äîëæíû áûòü
âûðàæåíû â òåðìèíàõ p(τ). Âûðàçèì g(τ) ÷åðåç p(τ). Ââåä¼ì ôóíêöèþ η ñëåäóþùèì îáðàçîì:

q = p− 1

η
(18)

Îíà óäîâëåòâîðÿåò óðàâíåíèþ Ðèêàòòè, êîòîðîå íå ìîæåò áûòü ïðîèíòåãðèðîâàíî â ÿâíîì
âèäå:

η′ = −(1− pη)2 (19)

Ôóíêöèÿ g(τ) ìîæåò áûòü ÿâíî âûðàæåíà ÷åðåç η(τ) è p(τ):

g(τ) = −σ
∫ τ

0

dτ̄η(τ̄) exp

(∫ τ̄

0

dτ1p(τ1) [1− p(τ1)η(τ1)]

)
(20)

Ïîñòàâèì çàäà÷ó âû÷èñëåíèÿ ñðåäíåãî çíà÷åíèÿ ìàñøòàáíîãî ôàêòîðà:

< a(t) >=
1

Z

∫
g′(g−1(t)) exp

{
κ

(∫ g−1(t)

0

(g′′(τ1))2dτ1 − g′(g−1(t))g′′(g−1(t))

)}
w1/λ(dp) (21)

Ââåä¼ì äëÿ ñîêðàùåíèÿ ïîñëåäóþùèõ ôîðìóë îáîçíà÷åíèÿ:

r(τ) =

∫ τ

0

(g′′(τ1))2dτ1 − g′(τ)g′′(τ) (22)

Òîãäà (21) ïåðåïèøåòñÿ â âèäå

< a(t) >=
1

Z

∫
g′(τ(t))eκr(τ(t))w 1

λ
(dp) (23)

Ãäå τ(t) = g−1(t). Èíòåãðàë (21) íå ìîæåò áûòü âû÷èñëåí òî÷íî. Áóäåì âû÷èñëÿòü åãî ïî òåî-
ðèè âîçìóùåíèé, ðàñêëàäûâàÿ ïîäûíòåãðàëüíîå âûðàæåíèå è íîðìèðîâî÷íûé ìíîæèòåëü
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1
Z
ïî "ñòåïåíÿì"ôóíêöèè p(τ),ïðåäñòàâèì ïîäûíòåãðàëüíîå âûðàæåíèå â âèäå ñóììû îäíî-

ðîäíûõ ïî p(τ) ôóíêöèîíàëîâ. Ïîñëå èíòåãðèðîâàíèÿ ïî w1/λ(dp) ñ ó÷¼òîì (17) ïîëó÷èì
âûðàæåíèå âèäà:

< a(t) >=
∑
n

ā2n(t)

λ2n
(24)

Â [4] ïóò¼ì äîâîëüíî ãðîìîçäêèõ âû÷èñëåíèé áûë ïîëó÷åí êîýôôèöèåíò ā2(t).

ā2

λ2
=

∫
(E1a1 + a2)w1/λ(dp) =

σ

λ2

[
−59

63

(
2t

σ

)2

+
11

120
κσ2

(
2t

σ

)5/2
]

(25)

a2 ∼ p2 E1, a1 ∼ p (26)

Ïðè÷¼ì ai è E1 âîçíèêàþò èç ðàçëîæåíèÿ g′(τ(t)) è eκr(τ(t)) ñîîòâåòñòâåííî. Çàäà÷à çàêëþ-
÷àåòñÿ â ïîñòðîåíèè àëãîðèòìà ñèìâîëüíûõ âû÷èñëåíèé, êîòîðûé ïîçâîëèë áû ïðîâåðèòü
ðåçóëüòàò äëÿ ā2(t), à òàêæå íàõîäèòü ÷ëåíû ðàçëîæåíèÿ áîëåå âûñîêîãî ïîðÿäêà.

2 Ìåòîä ðàçëîæåíèÿ ôóíêöèîíàëüíîãî èíòåãðàëà ïî ñòå-

ïåíÿì p(τ )

Äëÿ óäîáñòâà âû÷èñëåíèé ââåä¼ì ôèêòèâíûé ïàðàìåòð α, ñäåëàâ âî âñåõ ôîðìóëàõ, ñîäåð-
æàùèõ p(τ) çàìåíó.

p(τ)→ αp(τ) (27)

Ïîñëå ÷åãî âìåñòî ðàçëîæåíèÿ âñåõ âåëè÷èí â ñóììó îäíîðîäíûõ ôóíêöèîíàëîâ ïî p ìîæíî
ðàñêëàäûâàòü ýòè âåëè÷èíû â ñòåïåííîé ðÿä ïî α. Ïóñòü f -êàêîé-ëèáî ôóíêöèîíàë, çàâèñÿ-
ùèé îò p.

f [αp] =
∑
n

fn[p]αn (28)

∫
f [αp]w 1

λ
(dp) =

∑
n

α2n

∫
f2n[p]w 1

λ
(dp) =

∑
n

α2n

λ2n
Iw(f2n[p]) (29)

ãäå

Iw(f) =

(∫
f [p]w 1

λ
(dp)

)
|λ=1 (30)

â êîíöå âû÷èñëåíèé íóæíî ïîëîæèòü α = 1∫
f [p]w 1

λ
(dp) =

∑
n

1

λ2n
Iw(f2n[p]) (31)

Ïîñëåäíþþ ôîðìóëó ìîæíî ïåðåïèñàòü â âèäå∫
f [p]w 1

λ
(dp) = Iw(f [αp])|α=1/λ (32)

Äåéñòâèòåëüíî

Iw(f [αp])|α=1/λ= Iw

(∑
n

fn[p]αn

)
|α=1/λ=

(∑
n

α2nIw(f2n[p])

)
|α=1/λ=

∑
n

1

λ2n
Iw(f2n[p]) (33)
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Ïîñëå ââåäåíèÿ ïàðàìåòðà α ââåä¼ííûå ðàíåå ôóíêöèè g τ r ñòàíîâÿòñÿ ôóíêöèÿìè òàêæå
è ïàðàìåòðà α. τ(t, α) îïðåäåëÿåòñÿ ñîîòíîøåíèåì g(τ(t, α), α) = t. Êàæäàÿ èç ýòèõ âåëè÷èí
áóäåò ðàñêëàäûâàòüñÿ â ðÿä:

g(τ, α) =
∑
k

gk(τ)αk τ(t, α) =
∑
k

τ(k)(t)α
k (34)

Ââåä¼ì ôóíêöèè

a(t, α) = g′(τ(t, α), α) ρ(t, α) = r(τ(t, α), α) E(t, α) = eκρ(t,α) (35)

Êîòîðûå òàêæå ïîäëåæàò ðàçëîæåíèþ â ðÿä:

a(t, α) =
∑
k

ak(t)α
k E(t, α) =

∑
k

Ek(t)α
k (36)

Âîïðîñ î ðàçëîæåíèè â ðÿä ñëîæíûõ ôóíêöèé âèäà g′(τ(t, α), α) áóäåò îáñóæäàòüñÿ â îäíîì
èç ñëåäóþùèõ ðàçäåëîâ (21) âî ââåä¼ííûõ îáîçíà÷åíèÿõ çàïèøåòñÿ â âèäå:

< a(t) >=
Iw (a(t, α)E(t, α))

Iw (E(t, α))
|α=1/λ (37)

Ïîëó÷èì èç ýòîé ôîðìóëû â ÿâíîì âèäå êîýôôèöèåíòû ā2 è ā4 ðÿäà (176)

Iw(aE) = a0 + α2 (a0Iw(E2) + Iw(a1E1) + Iw(a2)) +

+ α4 (Iw(a4) + Iw(a3E1) + Iw(a2E2) + Iw(a1E3) + Iw(a0E4)) (38)

1

Iw(E)
=

1

1 + α2Iw(E2) + α4Iw(E4)
= 1− α2Iw(E2) + α4

(
[Iw(E2)]2 − Iw(E4)

)
(39)

Iw(aE)

Iw(E)
= a0 + α2 (Iw(a2) + Iw(a1E1)) +

+α4 (Iw(E2) (a0Iw(E2)− Iw(a1E1)) + (Iw(a2E2)− Iw(a2)Iw(E2)) + Iw(a3E1) + Iw(a1E3) + Iw(a4))
(40)

Îêîí÷àòåëüíî ïîëó÷èì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ

ā2 = Iw(a1E1) + Iw(a2) (41)

×òî ïîëíîñòüþ ñîãëàñóåòñÿ ñ (25).

ā4 = Iw(E2) (a0Iw(E2)− Iw(a1E1)) + (Iw(a2E2)− Iw(a2)Iw(E2)) + Iw(a3E1) + Iw(a1E3) + Iw(a4)
(42)
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3 Âûðàæåíèå g(τ ) ÷åðåç p(τ ) ïî òåîðèè âîçìóùåíèé

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âèäà:

y′ = F (y, x, f(x)) (43)

â êîòîðîì ïðàâàÿ ÷àñòü çàâèñèò îò ôóíêöèè f(x). Òîãäà ðåøåíèå ýòîãî óðàâíåíèÿ y(x) áóäåò
òàêæå çàâèñåòü îò ôóíêöèè f(x). Ïóñòü ôóíêöèÿ f èñïûòûâàåò ïðèðàùåíèå f̃(x) = f(x) +
αp(x). Ðàññìîòðèì âîçìóù¼ííîå óðàâíåíèå

ỹ′ = F (ỹ, x, f̃(x)) (44)

Åñëè ôóíêöèÿ F (ỹ, x, f +αp) àíàëèòè÷åñêè çàâèñèò îò ỹ è α è íåïðåðûâíà ïî x, òîãäà ỹ(x, α)
áóäåò òàêæå àíàëèòè÷åñêè çàâèñåòü îò α (ïî òåîðåìå Ïóàíêàðå)

ỹ(x, α) =
∞∑
k=0

yk(x)αk (45)

Êîýôôèöèåíòû yk(x) ìîãóò áûòü íàéäåíû ïîäñòàíîâêîé ðÿäà (45) â óðàâíåíèå (44), ïðè÷¼ì
y0(x)-ðåøåíèå íåâîçìóù¼ííîãî óðàâíåíèÿ (43), à yk(x) îäíîðîäíî çàâèñÿò îò p ñî ñòåïåíüþ
îäíîðîäíîñòè k.

Íàéä¼ì â ÿâíîì âèäå êîýôôèöèåíòû ðÿäà (45) äëÿ ñëåäóþùåãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ îòíîñèòåëüíî ôóåêöèè η(τ):

η′ = −(αpη − 1)2 (46)

Çàïèøåì äàííîå óðàâíåíèå â âèäå

W (η, α) = 0 W (η, α) = η′ + 1− 2αpη + α2p2η2 (47)

Ïîäñòàâèì ðàçëîæåíèå:

η(τ, α) =
∞∑
k=0

ηkα
k η2(α, τ) =

∞∑
s=0

∞∑
m=0

ηsηmα
s+m =

∞∑
k=0

(
k∑
s=0

ηsηk−s

)
αk (48)

W (τ, α) = 1 +
∞∑
k=0

[
η′kα

k − 2pηkα
k+1 + p2

(
k∑
s=0

ηsηk−s

)
αk+2

]
= (1 + η′0) + (η′1 − 2pη0)α+ (49)

+
∞∑
k=0

[
η′k+2 − 2pηk+1 + p2

(
k∑
s=0

ηsηk−s

)]
αk+2 (50)

Ïðèðàâíÿåì ê 0 êîýôèöèåíòû ïðè ðàçëè÷íûõ ñòåïåíÿõ α:

η′0 = −1 η′1 = 2pη0 η′k+2 = 2pηk+1 − p2

(
k∑
s=0

ηsηk−s

)
(51)

Ïåðâûå òðè êîýôôèöèåíòà èìåþò âèä (ïðè óñëîâèè η(0) = 0):

η0 = −τ (52)
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η1 = −2

∫ τ

0

dτ1τ1p(τ1) (53)

η2 = −4

∫ τ

0

dτ1p(τ1)

(∫ τ1

0

dτ2τ2p(τ2)

)
−
∫ τ

0

dτ1τ
2
1 p

2(τ1) (54)

g(τ) ñëåäóåò âûðàçèòü ÷åðåç η(τ) â ñîîòâåòñòâèè ñ ôîðìóëîé (20).

g(τ) = −σ
∫ τ

0

dτ1η(τ1) exp

(∫ τ1

0

dτ2αp(τ2) [1− αp(τ2)η(τ2)]

)
(55)

Ìîæíî ðàñêëàäûâàòü ýòî âûðàæåíèå íàïðÿìóþ â ðÿä ïî ñòåïåíÿì α, îäíàêî èìååò ñìûñë
òàêæå ïîñòðîèòü ðåêóððåíòíóþ ïðîöåäóðó ïîëó÷åíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ. Îáîçíà-
÷èì

ε(τ) = exp

(∫ τ1

0

dτ2αp(τ2) [1− αp(τ2)η(τ2)]

)
(56)

ε óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ, àíàëîãè÷íîìó (46)

ε′ = αp(1− αpη)ε (57)

Ôîðìóëà 55 ïðèîáðåòàåò ïðîñòîé âèä:

g(τ) = −σ
∫ τ

0

dτ1η(τ1)ε(τ1) (58)

Àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî äëÿ óðàâíåíèÿ 46, ìîæíî èñêàòü ðåøåíèå óðàâíåíèÿ
57 â âèäå ðÿäà:

ε =
∞∑
n=0

εnα
n (59)

Ðåêóððåíòíûå ñîîòíîøåíèÿ íà êîýôôèöèåíòû:

ε′0 = 0 ε′1 = pε0 εn+2 = pεn+1 − p2

n∑
k=0

ηn−kεk (60)

Ïåðâûå òðè êîýôôèöèåíòà (ïðè óñëîâèè ε(0) = 1)

ε0 = 1 (61)

ε1 =

∫ τ

0

dτ1p(τ1) (62)

ε2 =

∫ τ

0

dτ1p(τ1)

∫ τ1

0

dτ2p(τ2) +

∫ τ

0

dτ1τ1p
2(τ1) (63)

4 Ðàçëîæåíèå â ðÿä êîìïîçèöèè ôóíêöèé

Â âû÷èñëåíèÿõ ïðèñóòñòâóþò ñëîæíûå ôóíêöèè g′(τ(t, α), α), r(τ(t, α), α), ïðè÷¼ì τ(t, α)
îïðåäåëÿåòñÿ óðàâíåíèåì g(τ(t, α), α). Ïîýòîìó ïðåäñòàâëÿåò èíòåðåñ ðàññìîòðåòü êîìïîçè-
öèþ ïðîèçâîëüíûõ ôóíêöèé, çàâèñÿùèõ îò ïàðàìåòðà α.

h(t, α) = f(τ(t, α), α) (64)
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Ïîñòàâèì ñëåäóþùóþ çàäà÷ó:
Ïóñòü èçâåñòíû ðàçëîæåíèÿ ôóíêöèé

f(τ, α) =
∞∑
k=0

fk(τ)αk τ(t, α) =
∞∑
k=0

τk(t)α
k (65)

È êàæäàÿ èç ôóíêöèé fk(τ) ðàçëàãàåòñÿ â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè τ0(t)

fk(τ) =
∞∑
s=0

fks(τ − τ0)s fks(t) =
1

s!

dsf

dτ s
|τ=τ0(t) (66)

Òðåáóåòñÿ âû÷èñëèòü êîýôôèöèåíòû hk(t) ðàçëîæåíèÿ:

h(t, α) = f(τ(t, α), α) =
∞∑
k=0

hk(t)α
k (67)

Ââåä¼ì êîýôôèöèåíòû T
(s)
m :

(τ − τ0)s =

(
∞∑
k=1

τkα
k

)s

=
∞∑
m=0

T (s)
m αm (68)

Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà:(
∞∑
k=1

τkα
k

)s

= αs

(
∞∑
k=0

τk+1α
k

)s

=⇒ T (s)
m = 0 m < s (69)

(τ − τ0)s = (τ − τ0)(τ − τ0)s−1 =
∞∑
r=0

∞∑
q=0

τqT
(s−1)
r αr+q =

∞∑
m=0

(
m−1∑
r=s−1

T (s−1)
r τm−r

)
αm =⇒ (70)

=⇒ T (s)
m =

m−1∑
r=s−1

T (s−1)
r τm−r (71)

T (0)
m = δ0

m T (1)
m = τm (72)

Òàêèì îáðàçîì, êîýôôèöèåíòû T
(s)
m ìîãóò áûòü íàéäåíû ðåêóððåíòíî

fk(τ(t, α)) =
∞∑
s=0

fks

∞∑
m=1

T (s)
m αm =

∞∑
m=1

(
∞∑
s=0

fksT
(s)
m

)
αm (73)

â ñèëó (69)

Mkm =
∞∑
s=0

fksT
(s)
m =

m∑
s=0

fksT
(s)
m (74)

fk(τ(t, α)) =
∞∑
m=0

Mkmα
m (75)

f(τ(t, α), α) =
∞∑
k=0

(
∞∑
m=0

Mkmα
m

)
αk =

∞∑
k=0

∞∑
m=0

Mkmα
m+k (76)
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∞∑
k=0

∞∑
m=0

Mkmα
m+k =

∞∑
k=0

∞∑
n=k

Mk,n−kα
n =

∞∑
n=0

n∑
k=0

Mk,n−kα
n =

∞∑
k=0

(
k∑
l=0

Ml,k−l

)
αk (77)

f(τ(t, α), α) =
∞∑
k=0

(
k∑
l=0

Ml,k−l

)
αk (78)

hk(t) =
k−1∑
l=0

Ml,k−l =
k∑
l=0

k−l∑
s=0

flsT
(s)
k−l (79)

Ôîðìóëà (79) ðåøàåò ïîñòàâëåííóþ çàäà÷ó
×àñòíûå ñëó÷àè:

h0 = f0(τ0(t)) h1 = f00T
0
1 + f01T

1
1 + f10T

0
0 = f ′0(τ0(t))τ1(t) + f1(τ0) (80)

Ôîðìóëà (79) ìîæåò òàêæå áûòü èñïîëüçîâàíà äëÿ íàõîæäåíèÿ τ(t, α). Åñëè ïîëîæèòü f = g,
h = t, òî h0 = t, hk>0 = 0, òî (79) ñòàíåò ñèñòåìîé óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ
τk. .

t = g0(τ0(t)) =⇒ τ0(t) = g−1
0 (t) h1 = 0 =⇒ τ1(t) = −g1(τ0(t))

g′0(τ0(t))
= −g10

g01

(81)

0 = h2 = g20 + g01τ2 + g11τ1 + g02τ
2
1 = 0 (82)

τ2 = −g20

g01

+
g11g10

g2
01

− g02g
2
10

g3
01

(83)

5 Ïðîöåäóðà ïîëó÷åíèÿ ÿâíîãî âèäà êîýôôèöèåíòîâ ðàç-

ëîæåíèÿ ñðåäíåãî ìàñøòàáíîãî ôàêòîðà

Ñôîðìóëèðóåì ïîðÿäîê äåéñòâèé íåîáõîäèìûé äëÿ ïîëó÷åíèÿ êîýôôèöèåíòîâ ā2n

1) Ñ ïîìîùüþ óðàâíåíèé (51) è (60) íàéòè äîñòàòî÷íîå ÷èñëî êîýôôèöèåíòîâ ηn εn

2) Ïîëüçóÿñü ôîðìóëîé (58) íàéòè êîýôôèöèåíòû gk(τ)

3) Äèôôåðåíöèðóÿ gk âû÷èñëèòü êîýôôèöèåíòû

gks(t) =
1

s!

dsgk(τ)

dτk
|τ=β(t) β(t) = g−1

0 (t) =

√
2t

σ
(84)

Îòìåòèì, ÷òî ñ èñïîëüçîâàíèåì ñîîòíîøåíèé (51) è (60) gks ìîãóò áûòü âûðàæåíû ÷åðåç εn,
ηn, p(β), p′(β) è ïðîèçâîäíûå îò p áîëåå âûñîêîãî ïîðÿäêà

5)Ïî êîýôôèöèåíòàì gks íàéòè êîýôôèöèåíòû rks

4) Ïîëüçóÿñü ñîîòíîøåíèåì (79), è ïîëàãàÿ â í¼ì h0 = t hk>0 = 0, f = g íàéòè τk

5)Èñïîëüçóÿ (79) íàéòè êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèé ρ(t, α) a(t, α)

6)Çíàÿ êîýôôèöèåíòû ρs íàéòè êîýôôèöèåíòû En èç ñîîòíîøåíèÿ
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En =
κ

n

n∑
s=1

sρsEn−s (85)

7)Âû÷èñëèòü Iw(aE), Iw(E)
Íèæå â êà÷åñòâå ïðèìåðà ïðîâåä¼ì âû÷èñëåíèÿ ïî îïèñàííîé ñõåìå

6 Âòîðîé ïîðÿäîê

g1(τ) = −σ
∫ τ

0

dτ1 (η0ε1 + η1ε0) = σ

(∫ τ

0

dτ1τ1

∫ τ1

0

dτ2p(τ2) + 2

∫ τ

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

)
(86)

Ïðåäñòàâèì ýòî âûðàæåíèå â ôîðìå, íå ñîäåðæàùåé ïîâòîðíûõ èíòåãðàëîâ. Ïóò¼ì èíòåãðè-
ðîâàíèÿ ïî ÷àñòÿì (ïîäðîáíåå îá ýòîì ñêàçàíî â äîïîëíåíèè) ïîëó÷èì:

g1(τ)

σ
=
τ 2

2

∫ τ

0

dτ1p(τ1) + 2τ

∫ τ

0

dτ1τ1p(τ1)− 5

2

∫ τ

0

dτ1τ
2
1 p(τ1) (87)

g10(t) = g1(β) g11(t) = σ

(
β

∫ β

0

dτ2p(τ2) + 2

∫ β

0

dτ2τ2p(τ2)

)
(88)

g12(t) =
σ

2

(
3βp(β) +

∫ β

0

dτ1p(τ1)

)
(89)

g2(τ) = −σ
∫ τ

0

dτ1 (η0ε2 + η1ε1 + η2ε0) = (90)

=

∫ τ

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ τ2

0

dτ3p(τ3) +

∫ τ

0

dτ1τ1

∫ τ1

0

dτ2τ2p
2(τ2)+ (91)

+2

∫ τ

0

dτ1

∫ τ1

0

dτ2p(τ2)

∫ τ1

0

dτ3τ3p(τ3)+4

∫ τ

0

dτ1

∫ τ1

0

dτ2p(τ2)

∫ τ2

0

dτ3τ3p(τ3)+

∫ τ

0

dτ1

∫ τ1

0

dτ2τ
2
2 p

2(τ2)

(92)

g21 = β

(∫ β

0

dτ1p(τ1)

∫ τ2

0

dτ2p(τ2) +

∫ β

0

dτ1τ1p
2(τ1)

)
+ (93)

+2

∫ β

0

dτ1p(τ1)

∫ β

0

dτ2τ2p(τ2) + 4

∫ β

0

dτ1p(τ1)

∫ τ1

0

dτ2τ2p(τ2) +

∫ β

0

dτ1τ
2
1 p

2(τ1) (94)

τ(1) = −g10(t)

g01(t)
= −β−1 g10

σ
= −β−1

(∫ τ

0

dτ1τ1

∫ τ1

0

dτ2p(τ2) + 2

∫ τ

0

dτ1

∫ τ1

0

τ2p(τ2)

)
(95)

τ(2) = −β−1 g20

σ
+ β−2 g11g10

σ2
− 1

2
β−3 g

2
10

σ2
(96)

τ(2) = −β−1

(∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ τ2

0

dτ3p(τ3) +

∫ β

0

dτ1τ1

∫ τ1

0

dτ2τ2p
2(τ2)+ (97)

+2

∫ β

0

dτ1

∫ τ1

0

dτ2p(τ2)

∫ τ1

0

dτ3p(τ3) + 4

∫ β

0

dτ1

∫ τ1

0

dτ2p(τ2)

∫ τ2

0

dτ3p(τ3) (98)
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+

∫ β

0

dτ1

∫ τ1

0

dτ 2
2 p

(τ2)−
∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ β

0

dτ3p(τ3)− 2

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

∫ β

0

dτ3p(τ3)

)
+

(99)

+2β−2

(∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ β

0

dτ3p(τ3) + 2

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

∫ β

0

dτ3p(τ3)

)
− (100)

−β−3

(
1

2

[∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

]2

+ 2

[∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

]2

+ (101)

+ 2

∫ β

0

dτ1τ1

∫ τ2

0

dτ2p(τ2)

∫ β

0

dτ3

∫ τ3

0

dτ4τ4p(τ4)

)
(102)

a1(t) = g11 + 2g02τ(1) = g11 − β−1g10 = σ

(
β

∫ β

0

dτ1p(τ1) + 2

∫ β

0

dτ1τ1p(τ1)− (103)

− 2β−1

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)− β−1

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

)
(104)

a2 = g21 + 2τ(2)g02 + 2τ(1)g12 + 3τ 2
(1)g03 = g21 −

2g12g10

g10

− 2g02g20

g01

+
2g02g11g10

g2
01

− 2g2
02g

2
10

g3
01

= (105)

= g21 + στ2 + 2τ(1)g12 = g21 − 2β−1 g12g10

σ
− β−1g20 + β−2 g11g10

σ
− 1

2
β−3 g

2
10

σ
(106)

a2 = β

(∫ β

0

dτ1p(τ1)

∫ τ1

0

dτ2p(τ2) +

∫ β

0

dτ1τ1p
2(τ1)

)
+ 2

∫ β

0

dτ1p(τ1)

∫ β

0

dτ2τ2p(τ2)+

+ 4

∫ β

0

dτ1p(τ1)

∫ τ1

0

dτ2τ2p(τ2) +

∫ β

0

dτ1τ
2
1 p

2(τ1)− 6p(β)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)−

− 3p(β)

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)− β−1

(∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ τ2

0

dτ3p(τ3) +

+

∫ β

0

dτ1τ1

∫ τ1

0

dτ2τ2p
2(τ2) + 2

∫ β

0

dτ1

∫ τ1

0

p(τ2)

∫ τ1

0

+4

∫ β

0

dτ1

∫ τ1

0

p(τ2)

∫ τ2

0

dτ3p(τ3)+

+

∫ β

0

dτ1

∫ τ1

0

dτ2τ
2
2 p

2(τ2)

)
+ 2β−2

(∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ β

0

dτ3p(τ3)+

+2

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

∫ β

0

dτ3p(τ3)

)
− β−3

(
1

2

[∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

]2

+

+2

[∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

]2

+

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ β

0

dτ3

∫ τ4

0

dτ4p(τ4)

)
(107)

r0 = 0 r1 = 2

∫ τ

0

dτ1g
′′

0 (τ1)g
′′

1 (τ1)− g′0(τ)g
′′

1 (τ)− g′1(τ)g
′′

0 (τ) = (108)

= 2g
′′

0 (τ)g
′

1(τ)− g′0(τ)g
′′

1 (τ)− g′1(τ)g
′′

0 (τ) = g
′′

0 (τ)g
′

1(τ)− g′0(τ)g
′′

1 (τ) (109)
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r10 = 2 (g02g11 − g01g12) = σ2

(
2

∫ β

0

dτ1τ1p(τ1)− 3β2p(β)

)
(110)

ρ1 = r10 + r01τ(1) = r10 E1 = κρ1 = κr10 (111)

E1 = κσ2

(
2

∫ β

0

dτ1τ1p(τ1)− 3β2p(β)

)
(112)

7 ×åòâ¼ðòûé ïîðÿäîê

Ïðèâåä¼ì çäåñü åù¼ ðàç âûðàæåíèå äëÿ êîýôôèöèåíòà ā4

ā4 = Iw(E2) (a0Iw(E2)− Iw(a1E1)) + (Iw(a2E2)− Iw(a2)Iw(E2)) + Iw(a3E1) + Iw(a1E3) + Iw(a4)
(113)

Ñäåëàåì íåñêîëüêî çàìå÷àíèé ïî ïîâîäó âõîäÿùèõ â ýòó ôîðìóëó âåëè÷èí
Iw(a1E1), Iw(a2)-âõîäÿò òàêæå â ôîðìóëó äëÿ ā2, âèíåðîâñêèé èíòåãðàë áåð¼òñÿ îò ôóíê-

öèîíàëîâ âòîðîãî ïîðÿäêà.
Iw(E2)-âèíåðîâñêèé èíòåãðàë áåð¼òñÿ îò ôóíêöèîíàëà âòîðîãî ïîðÿäêà, íî ïðè âû÷èñëå-

íèè ā2 íå âñòðå÷àëñÿ
Iw(a2E2),Iw(a3E1), Iw(a1E3), Iw(a4)-âèíåðîâñêèé èíòåãðàë áåð¼òñÿ îò ôóíêöèîíàëîâ ÷åò-

â¼ðòîãî ïîðÿäêà.
Ïðîùå âñåãî ïîääà¼òñÿ âû÷èñëåíèþ Iw(E2)

E2 = κρ2 +
κ2

2
ρ2

1 (114)

ρ2 = r20 + r11τ1 (115)

r11 = 4η0p(β)− 3η2
0p
′(β) = −4βp(β)− 3β2p′(β) (116)

r20 = 4

∫ β

0

g2
12dτ1 + 2 (−g11g12 + g02g21 − g01g22) (117)

r20 = 9

∫ β

0

τ 2p2dτ +

∫ β

0

ε2
1dτ1 + 6

∫ β

0

τε1pdτ − η2 − βε2
1 − 6β2ε1p+ 6βη1p+ 2β3p2 (118)

Èç ôîðìóëû (116) âèäíî, ÷òî ρ2 áóäåò ñîäåðæàòü ïðîèçâîäíûå îò p. Îíè, îäíàêî, íå äàäóò
âêëàäà â Iw(E2). Äåéñòâèòåëüíî, τ1r11 ñîäåðæèò òîëüêî ñëàãàåìûå ñ ïðîèçâîäíûìè âèäà

p′(β)

∫ β

0

dττ kp(τ) (119)

×òî ïðè âçÿòèè Iw äàñò 0, ïîñêîëüêó

Iw(p′(β)p(τ)) =
d

dβ
min(β, τ) =

d

dβ
τ = 0 (120)

Îòìåòèì, ÷òî ïðè âû÷èñëåíèè Iw(a2E2) âîçíèêíóò ñëàãàåìûå âèäà Iw(p′(β)p(β)), êîòîðûå íå
ðàâíû 0, òàê êàê:

Iw(p′(β)p(β)) = Iw

(
1

2

d

dβ
p2(β)

)
=

1

2

d

dβ
Iw(p2(β)) =

1

2
(121)
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Ïðèâåä¼ì çäåñü âûðàæåíèÿ a4 è a3 ÷åðåç êîýôôèöèåíòû gks. Ïîëó÷èòü âðó÷íóþ ýòè ôîðìóëû,
êîòîðûå âîçíèêëè óæå â ÷åòâ¼ðòîì ïîðÿäêå òåîðèè âîçìóùåíèé äîâîëüíî òðóäíî. Ôîðìóëû,
ïðèâåä¼ííûå íèæå, áûëè ïîëó÷åíû ñ ïîìîùüþ ïðîãðàììû íà ÿçûêå python ñ èñïîëüçîâàíèåì
áèáëèîòåêè ñèìâîëüíûõ âû÷èñëåíèé sympy.

a3 = g31−
2g02

g01

g30−
2g10

g01

g22−
2g12

g01

g20+
2g02

g2
01

g10g21+
2g02

g2
01

g11g20+
6g03

g2
01

g10g20+
3g13

g2
01

g2
10+

2g10

g2
01

g11g12−

− 4g10

g3
01

g2
02g20−

4g02

g3
01

g2
10g12−

2g02

g3
01

g10g
2
11−

6g03

g3
01

g2
10g11−

4g04

g3
01

g3
10 +

6g11

g4
01

g2
02g

2
10 +

8g02

g4
01

g03g
3
10−

4g3
02

g5
01

g3
10

(122)

a4 = g41−
2g02

g01

g40−
2g10

g01

g32−
2g12

g01

g30−
2g20

g01

g22+
2g02

g2
01

g10g31+
2g02

g2
01

g11g30+
2g02

g2
01

g20g21+
6g03

g2
01

g10g30+

+
3g03

g2
01

g2
20 +

3g23

g2
01

g2
10 +

2g10

g2
01

g11g22 +
2g10

g2
01

g12g21 +
6g10

g2
01

g13g20 +
2g11

g2
01

g12g20 −
4g10

g3
01

g2
02g30 −

2g2
02

g3
01

g2
20−

−4g02

g3
01

g2
10g22−

4g02

g3
01

g10g11g21−
8g02

g3
01

g10g12g20−
2g02

g3
01

g2
11g20−

6g03

g3
01

g2
10g21−

12g03

g3
01

g10g11g20−
12g04

g3
01

g2
10g20−

−4g14

g3
01

g3
10−

6g11

g3
01

g2
10g13−

2g2
10

g3
01

g2
12−

2g10

g3
01

g2
11g12+

6g21

g4
01

g2
02g

2
10+

12g10

g4
01

g2
02g11g20+

24g02

g4
01

g03g
2
10g20+

8g02

g4
01

g3
10g13+

+
12g02

g4
01

g2
10g11g12 +

2g02

g4
01

g10g
3
11 +

8g03

g4
01

g3
10g12 +

9g03

g4
01

g2
10g

2
11 +

12g04

g4
01

g3
10g11 +

5g05

g4
01

g4
10 −

12g20

g5
01

g3
02g

2
10−

− 12g12

g5
01

g2
02g

3
10−

12g2
02

g5
01

g2
10g

2
11−

32g02

g5
01

g03g
3
10g11−

14g02

g5
01

g04g
4
10−

6g2
03

g5
01

g4
10 +

20g11

g6
01

g3
02g

3
10 +

25g03

g6
01

g2
02g

4
10−

− 10g4
02

g7
01

g4
10 (123)

8 Çàâèñèìîñòü ïîêàçàòåëÿ ñòåïåíè îò ïîðÿäêà

Äëÿ ìíîãèõ âñòðå÷àþùèõñÿ ôóíêöèîíàëîâ âèíåðîâñêèé èíòåãðàë îò íèõ âûðàæàåòñÿ â âèäå
ñòåïåííîé ôóíêöèè

Iw(fn) = Cβd
f
n (124)

C-íåêîòîðàÿ êîíñòàíòà, n-ñòåïåíü îäíîðîäíîñòè ôóíêöèîíàëà ïî p. Òàêèìè ÿâëÿþòñÿ, â ÷àñò-
íîñòè, ôóíêöèîíàëû ηn, εn, gn, an, ρn. Âûÿñíèì, êàêèì îáðàçîì çàâèñèò ïîêàçàòåëü ñòåïåíè
dfn îò n. Äëÿ ýòîãî ïîäñòàâèì â óðàâíåíèå

η′n+2 = 2pηn+1 − p2

(
n∑
s=0

ηsηn−s

)
(125)

ηn â âèäå ηn = Cβd
η
n . Ïîëó÷èì ñèñòåìó óðàâíåíèé:

dηn − 1 = dηn−1 +
1

2
= dηn−2−s + dηs + 1 (126)
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Ïîñêîëüêó Iw (p(τ1)p(τ2)) = min(τ1, τ2) íåîáõîäèìî ôîðìàëüíî ïîëîæèòü p ∼ β1/2. Ñ ó÷¼òîì
η0 = −β íàõîäèì

dηn = 1 +
3

2
n (127)

àíàëîãè÷íî èç óðàâíåíèÿ

εn+2 = pεn+1 − p2

n∑
k=0

ηn−kεk (128)

è óñëîâèÿ ε0 = 1 ïîëó÷èì

dεn =
3

2
n (129)

Äàëåå, òàê êàê g′ = −σηε è a(t) = g′(g−1(t))

dgn = 2 +
3

2
n dan = 1 +

3

2
n (130)

Èç ñîîòíîøåíèÿ

r(τ) =

∫ τ

0

(g′′(τ1))2dτ1 − g′(τ)g′′(τ) (131)

íàõîäèì

drn = dρn = 1 +
3

2
n (132)

Iw(En) ñòåïåííîé ôóíêöèåé óæå íå ÿâëÿåòñÿ, íî â ñèëó

En =
κ

n

n∑
s=1

sρsEn−s (133)

En ìîæíî ïðåäñòàâèòü â âèäå:

En =
n∑

m=1

εnmκ
m (134)

Ãäå Iw(εnm) óæå áóäóò ñòåïåííîé ôóíêöèåé β

dεnm = m+
3

2
n (135)

Â ÷àñòíîñòè

Iw(a1E1) = cκβ5 Iw(a2) = cβ4 Iw(E2) = c1κβ
4 + c2κ

2β5 (136)

Iw(a2E2) = c1κβ
8 + c2κ

2β9 Iw(a4) = cβ7 Iw(a1E3) = c1κβ
8 + c2κ

2β9 + c3κ
3β10 (137)

Iw(a3E1) = cβ8 (138)

9 Àâòîìàòèçàöèÿ âû÷èñëåíèé

Âû÷èñëÿåìûå âåëè÷èíû èìåþò âèä ìíîãî÷ëåíîâ f =
∑∞

n=0 fnα
n êîýôôèöèåíòû êîòîðûõ ÿâ-

ëÿþòñÿ ôóíêèîíàëàìè, à åñëè òî÷íåå, îòîáðàæåíèÿìè fn : C × C × ... × C → C̃ èç n−îé
äåêàðòîâîé ñòåïåíè ïðîñòðàíñòâà íåïðåðûâíûõ ôóíêöèé â ìíîæåñòâî êóñî÷íî-íåïðåðûâíûõ
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ôóíêöèé C̃. Âû÷èñëåíèå âèíåðîâñêîãî èíòåãðàëà ÿâëÿåòñÿ îòîáðàæåíèåì Iw : fn → C̃ èç ìíî-
æåñòâà ôóíêöèîíàëîâ îïèñàííîãî âûøå òèïà â ïðîñòðàíñòâî êóñî÷íî-íåïðåðûâíûõ ôóíêöèé.
Çàäà÷à êîìïüþòåðíîãî âû÷èñëåíèÿ ïîïðàâîê ïðîèçâîëüíîãî ïîðÿäêà ∼ pn ñâîäèòñÿ ê äâóì
ïîäçàäà÷àì:

1) âûáîð ïîäõîäÿùåé ñòðóêòóðû äàííûõ äëÿ âûïîëíåíèÿ îïåðàöèé ñ fn
2) ïîñòðîåíèå àëãîðèòìà âû÷èñëåíèÿ Iw(fn)

9.1 Ïîñòðîåíèå ñòðóêòóðû äàííûõ

Íà ìíîæåñòâå ôóíêöèîíàëîâ fn îïðåäåëåíû ñëåäóþùèå îïåðàöèè:
1) ñëîæåíèå
2) óìíîæåíèå íà ÷èñëî
3) óìíîæåíèå íà ïåðåìåííóþ â ïðîèçâîëüíîé ñòåïåíè βk

4) óìíîæåíèå äâóõ ôóíêöèîíàëîâ
5) èíòåãðèðîâàíèå

Êàæäîìó ôóíêöèîíàëó ìîæíî ñîïîñòàâèòü äåðåâî ñ îðèåíòèðîâàííûìè ð¼áðàìè.Âåðøèíó,
â êîòîðóþ íå âõîäèò íè îäíî ðåáðî áóäåì íàçûâàòü ëèñòîì, à âåðøèíó, èç êîòîðîé íå èñõîäèò
íè îäíîãî ðåáðà áóäåì íàçûâàòü êîðíåì. Ó âñåõ äåðåâüåâ, ðàññìàòðèâàåìûõ â äàëüíåéøåì
èìååòñÿ ëèøü îäèí êîðåíü, à êîëè÷åñòâî ëèñòüåâ n ñîâïàäàåò ñ ñî ñòåïåíüþ pn.Äåðåâî ñòðî-
èòñÿ ïî ñëåäóþùèì ïðàâèëàì. Ôóíêöèè p(τ) ñîïîñòàâëÿåòñÿ âåðøèíà ñ âåñîì 0

p(τ) w
0

(139)

âûðàæåíèþ âèäà τ kp(τ) ñîïîñòàâëÿåòñÿ âåðøèíà ñ âåñîì k

τ kp(τ) w
k

(140)

Êàæäîå èíòåãðèðîâàíèå ñîîòâåòñòâóåò ðåáðó, âåäóùåìó â íîâóþ âåðøèíó

τ k2
∫ τ

0

dτ1τ
k1
1 p(τ1) w

k1k2
(141)

Â ñàìîì îáùåì ñëó÷àå ôóíêöèîíàëà ïåðâîãî ïîðÿäêà

τ ks
∫ τ

0

dτs−1τ
ks−1

s−1

∫ τs−1

0

...τ k22

∫ τ2

0

dτ1τ
k1
1 p(τ1) w

k1k2
...ks−1ks

(142)

Ôóíêöèîíàëû áîëåå âûñîêîãî ïîðÿäêà ñòðîÿòñÿ êàê ïðîèçâåäåíèÿ ôóíêöèîíàëîâ ïåðâîãî ïî-

ðÿäêà. Îïðåäåëèì îïåðàöèþ ïðîèçâåäåíèÿ äåðåâüåâ. Ïóñòü
...

îáîçíà÷àåò âñþ ñîâîêóïíîñòü
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âåðøèí äåðåâüåâ êðîìå êîðíÿ, òîãäà

k ... × m ... = 0

k ...

m ...
(143)

Íàïðèìåð

0p2(τ) w

0

0
(144)

2

0

0

0
∫ τ

0
dτ1τ

2
1 p

2(τ1) w

(145)

∫ τ
0
dτ1p(τ1)

(∫ τ1
0
dτ2τ2p(τ2)

)
w 00

0 1

0
(146)

ñôîðìóëèðóåì â îáùåì âèäå ïðàâèëà èíòåãðèðîâàíèÿ è óìíîæåíèÿ äåðåâà íà ïåðåìåííóþ â

íåêîòîðîé ñòåïåíè.
...

òàêæå îáîçíà÷àåò âñþ ñîâîêóïíîñòü âåðøèí äåðåâà êðîìå êîðíÿ

mτ k× ... = m+ k ...

(147)

mint: ... = 0 m ...
(148)

Îñòàëîñü îïðåäåëèòü îïåðàöèè ñëîæåíèÿ, óìíîæåíèÿ íà ÷èñëî è äèôôåðåíöèðîâàíèÿ äå-
ðåâüåâ. Ïóñòü Ti-äåðåâüÿ ci-ïðîèçâîëüíûå êîýôôèöèåíòû. Ëèíåéíóþ êîìáèíàöèþ c1T1 + ...+
cnTn áóäåì çàïèñûâàòü â âèäå ôîðìàëüíîé ïàðû íàáîðîâ: ([c1...cn], [T1...Tn]) òàêèå íàáîðû
ìîæíî ñêëàäûâàòü è óìíîæàòü íà ÷èñëà

λ1 ([c1...cn], [T1...Tn])+λ2([c̃1...c̃m], [T̃1...T̃m]) = ([λ1c1, ..., λ1cn, λ2c̃1, ..., λ2c̃m], [T1, ..., Tn, T̃1, ..., T̃m])
(149)

Îïðåäåë¼ííûå âûøå îïåðàöèè èíòåãðèðîâàíèÿ, óìíîæåíèÿ íà τ k è óìíîæåíèÿ äâóõ äåðå-
âüåâ ðàñïðîñòðàíÿþòñÿ íà òàêèå íàáîðû ïî ëèíåéíîñòè èíòåãðèðîâàíèÿ è äèñòðèáóòèâíîñòè
óìíîæåíèÿ.
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9.2 Àëãîðèòì âû÷èñëåíèÿ Iw äëÿ ôóíêöèîíàëîâ âòîðîãî ïîðÿäêà

îïðåäåëèì Iw(f) äëÿ ôóíêöèîíàëîâ âòîðîãî ïîðÿäêà. Íàèáîëåå îáùèé ôóíêöèîíàë âòîðîãî
ïîðÿäêà èçîáðàæàåòñÿ â âèäå

n1n2...ns

0 kr ... k1

0 mq ... m1

(150)

Äëÿ âû÷èñëåíèÿ Iw èñïîëüçóåòñÿ ïðàâèëî:Iw (p(τ1)p(τ2)) = min(τ1, τ2). Ñíà÷àëà ðàññìîòðèì
ôóíêöèîíàë âèäà:

0

0 kr ... k1

0 mq ... m1

(151)

J(τ) = Iw(f) =

∫ τ

0

dξrξ
kr
r

∫ τ

0

dηqη
mq
q ...

∫ ξ2

0

dξ1ξ
k1
1

∫ η2

0

dη1η
m1
1 min(ξ1, η1) (152)

èç ñîîáðàæåíèé ðàçìåðíîñòè ìîæíî íàéòè âèä J(τ):

J(τ) = b(kr, ..., k1|mq, ...,m1)τ
∑r
l=1 kl+

∑q
l=1ml+r+q+1 (153)

äèôôåðåíöèðóÿ (152) ïî τ ïîëó÷èì:

J ′(τ) = (b(kr−1, ..., k1|mq, ...,m1) + b(kr, ..., k1|mq−1, ...,m1)) τ
∑r
l=1 kl+

∑q
l=1ml+r+q (154)

÷òî äà¼ò ðåêóððåíòíîå ñîîòíîøåíèå íà b:

b(kr, ..., k1|mq, ...,m1) =
b(kr−1, ..., k1|mq, ...,m1) + b(kr, ..., k1|mq−1, ...,m1)∑r

l=1 kl +
∑q

l=1ml + r + q + 1
(155)

òàê êàê Iw(p2(τ)) = τ , "íà÷àëüíîå óñëîâèå"äëÿ b åñòü

b( | ) = 1 (156)

È b ìîæåò áûòü âû÷èñëåíî ïðè ëþáîì íàáîðå àðãóìåíòîâ. Â ñàìîì îáùåì ñëó÷àå (150) Iw
âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

Iw(f) = βns
∫ β

0

dχs−1χ
ns−1

s−1 ...

∫ χ3

0

dχ2χ
n2
2

∫ χ2

0

dχ1b(kr, ..., k1|mq, ...,m1)χ
∑r
l=1 kl+

∑q
l=1ml+r+q+1+n1

1 =

(157)

= b(kr, ..., k1|mq, ...,m1)

(
s−1∏
j=1

1

S ′ + j +
∑j

l=1 nl

)
β
∑s
l=1 nl+

∑r
l=1 kl+

∑q
l=1ml+r+q+s (158)

S ′ =
r∑
l=1

kl +

q∑
l=1

ml + r + q + 1 (159)
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9.3 Àëãîðèòì âû÷èñëåíèÿ Iw äëÿ ôóíêöèîíàëîâ ïîðÿäêà 4 è âûøå

Ïîñòðîåíèå àëãîðèòìà âû÷èñëåíèÿ Iw äëÿ ôóíêöèîíàëîâ ÷åòâ¼ðòîãî è áîëåå âûñîêèõ ïîðÿä-
êîâ ÿâëÿåòñÿ áîëåå ñëîæíîé çàäà÷åé, òàê êàê íàèáîëåå îáùèé âèä ôóíêöèîíàëîâ ñòàðøèõ
ïîðÿäêîâ, êîòîðûé áûë áû àíàëîãè÷åí äåðåâó (150) íååäèíñòâåíåí. Íàïðèìåð, äëÿ ôóíêöèî-
íàëîâ ÷åòâ¼ðòîãî ïîðÿäêà èìåþòñÿ äâà íåýêâèâàëåíòíûõ òèïà äåðåâüåâ. Ñïëîøíûì ëèíèÿì
ñîîòâåòñòâóåò ïðîèçâîëüíàÿ ñîâîêóïíîñòü âåðøèí.

Ðèñ. 1:

Ðèñ. 2:

Ïðè âû÷èñëåíèè Iw ïî òåîðåìå Âèêà êàæäûå äâå "âåòâè"íåîáõîäèìî ñïàðèòü. Ñ ó÷¼òîì
ðàçëè÷íûõ ñïîñîáîâ ñïàðèâàíèÿ ÷èñëî íåýêâèâàëåíòíûõ äåðåâüåâ ñî ñïàðåííûìè âåòâÿìè
ðàâíî 4.
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Ðèñ. 3:

Ðèñ. 4:

Ðèñ. 5:
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Ðèñ. 6:

Ïðè÷¼ì äåðåâüÿ (ðèñ. 3) è (ðèñ. 4) ìîãóò áûòü ðàçáèòû íà ïîääåðåâüÿ âòîðîãî ïîðÿäêà,
ñëåäîâàòåëüíî äëÿ íèõ çàäà÷à âû÷èñëåíèÿ Iw ñâîäèòñÿ ê óæå ðåø¼ííîé çàäà÷å. Ïîêàæåì, ÷òî
è äëÿ äåðåâüåâ íà ðèñóíêàõ (ðèñ. 5) è (ðèñ. 4) ìîæíî ñâåñòè çàäà÷ó ê àíàëîãè÷íîé çàäà÷å äëÿ
äåðåâüåâ âòîðîãî ïîðÿäêà.

Áóäåì ïðåäïîëàãàòü, ÷òî Iw(f) êàê ôóíêöèÿ β èìååò ñòåïåííîé âèä:

Iw(f) = bβS (160)

ïðîäèôôåðåíöèðóåì îáå ÷àñòè ýòîãî ñîîòíîøåíèÿ ïî ïàðàìåòðó β:

bSβS−1 =
∑
i

βkiIw(fi) Iw(fi) = biβ
S−1−ki (161)

Ãäå ôóíêöèîíàëû fi ñîäåðæàò íà îäíó âåðøèíó ìåíüøå, ÷åì èñõîäíûé ôóíêöèîíàë f . Äëÿ b
èìååì ôîðìóëó, àíàëîãè÷íóþ (155):

b =
∑
i

bi
S

(162)

Äèôôåðåíöèðîâàíèå ìîæíî ïðîäîëæàòü äî òåõ ïîð, ïîêà fi íå ïðèìåò âèä fi = p(β)f̃i, òî
åñòü áóäåò ñîäåðæàòü p(β) íå ïîä èíòåãðàëîì. Íà ýòîì ýòàïå ìîæíî ïðåîáðàçîâàòü äåðåâî
òàê, ÷òîáû ÷èñëî âåòâåé ñòàëî íà 2 ìåíüøå. Ïîêàæåì ýòî íà ïðèìåðå ñëåäóþùåãî äåðåâà
(îíî îòíîñèòñÿ ê òèïó, èçîáðàæ¼ííîìó íà ðèñ. 5)

Ðèñ. 7:
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Ïðè ñïàðèâàíèè p(β) ñ p(τs), êîòîðîìó ñîîòâåòñòâóåò âåðøèíà B, p(β)p(τs) çàìåíÿåòñÿ íà
min(β, τs) = τs, ïîñëå ÷åãî âñå îïåðàöèè èíòåãðèðîâàíèÿ íà ïóòè AB ïðîèçâîäÿòñÿ ýëåìåí-
òàðíî. Ðåçóëüòàòîì ýòèõ îïåðàöèé áóäåò óìíîæåíèå äåðåâà íà êîýôôèöèåíò

s∏
j=1

1

j +
∑j

l=1 kl
(163)

È óâåëè÷åíèå âåñà âåðøèíû A íà

N =
s∑
j=1

kj + s+ 1 (164)

Ïîñëå ÷åãî äåðåâî ìîæíî ïðåîáðàçîâàòü:

Ðèñ. 8:

Äàëåå ìîæíî ïðèìåíÿòü îïèñàííûé ðàíåå àëãîðèòì äëÿ äåðåâüåâ âòîðîãî ïîðÿäêà.
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10 Ðåçóëüòàòû

Íèæå ïðåäñòàâëåíû ñèìâîëüíûå âûðàæåíèÿ èñêîìûõ êîýôôèöèåíòîâ, ïîëó÷åííûå ñ ïîìî-
ùüþ ïðîãðàììû è âû÷èñëåííûå çíà÷åíèÿ Iw îò íèõ.

a2

σ
= β

∫ β

0

dτ1p(τ1)

∫ τ1

0

dτ2p(τ2) + β

∫ β

0

dτ1τ1p(τ1)p(τ1) + 2

∫ β

0

dτ1τ1p(τ1)

∫ β

0

dτ1p(τ1)+

+ 4

∫ β

0

dτ1p(τ1)

∫ τ1

0

dτ2τ2p(τ2) +

∫ β

0

dτ1τ
2
1 p(τ1)p(τ1)− β−1

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ τ2

0

dτ3p(τ3)−

− β−1

∫ β

0

dτ1τ1

∫ τ1

0

dτ2τ2p(τ2)p(τ2)− 2β−1

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

∫ τ1

0

dτ2p(τ2)−

− 4β−1

∫ β

0

dτ1

∫ τ1

0

dτ2p(τ2)

∫ τ2

0

dτ3τ3p(τ3)− β−1

∫ β

0

dτ1

∫ τ1

0

dτ2τ
2
2 p(τ2)p(τ2)+

+ β−1

∫ β

0

dτ1p(τ1)

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2) + 2β−1

∫ β

0

dτ1p(τ1)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)+

+ 2β−2

∫ β

0

dτ1τ1p(τ1)

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2) + 4β−2

∫ β

0

dτ1τ1p(τ1)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)−

− 1

2
β−3

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)−

− 2β−3

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)−

− 2β−3

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)− β−1

∫ β

0

dτ1p(τ1)

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)−

− 2β−1

∫ β

0

dτ1p(τ1)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)− 3p(β)

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)−

− 6p(β)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2) (165)

Iw(a2) =
18

35
β4σ (166)
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f Iw(f)

β
∫ β

0
dτ1p(τ1)

∫ τ1
0
dτ2p(τ2) 1

6
β4

β
∫ β

0
dτ1τ1p(τ1)p(τ1) 1

3
β4∫ β

0
dτ1τ1p(τ1)

∫ β
0
dτ1p(τ1) 5

24
β4∫ β

0
dτ1p(τ1)

∫ τ1
0
dτ2τ2p(τ2) 1

12
β4∫ β

0
dτ1τ

2
1 p(τ1)p(τ1) 1

4
β4

β−1
∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2)

∫ τ2
0
dτ3p(τ3) 1

30
β4

β−1
∫ β

0
dτ1τ1

∫ τ1
0
dτ2τ2p(τ2)p(τ2) 1

15
β4

β−1
∫ β

0
dτ1

∫ τ1
0
dτ2τ2p(τ2)

∫ τ1
0
dτ2p(τ2) 1

24
β4

β−1
∫ β

0
dτ1

∫ τ1
0
dτ2p(τ2)

∫ τ2
0
dτ3τ3p(τ3) 1

60
β4

β−1
∫ β

0
dτ1

∫ τ1
0
dτ2τ

2
2 p(τ2)p(τ2) 1

20
β4

β−1
∫ β

0
dτ1p(τ1)

∫ β
0
dτ1τ1

∫ τ1
0
dτ2p(τ2) 11

120
β4

β−1
∫ β

0
dτ1p(τ1)

∫ β
0
dτ1

∫ τ1
0
dτ2τ2p(τ2) 7

120
β4

β−2
∫ β

0
dτ1τ1p(τ1)

∫ β
0
dτ1τ1

∫ τ1
0
dτ2p(τ2) 1

18
β4

β−2
∫ β

0
dτ1τ1p(τ1)

∫ β
0
dτ1

∫ τ1
0
dτ2τ2p(τ2) 13

360
β4

β−3
∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2)

∫ β
0
dτ1τ1

∫ τ1
0
dτ2p(τ2) 11

420
β4

β−3
∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2)

∫ β
0
dτ1

∫ τ1
0
dτ2τ2p(τ2) 41

2520
β4

β−3
∫ β

0
dτ1

∫ τ1
0
dτ2τ2p(τ2)

∫ β
0
dτ1

∫ τ1
0
dτ2τ2p(τ2) 13

1260
β4

β−1
∫ β

0
dτ1p(τ1)

∫ β
0
dτ1τ1

∫ τ1
0
dτ2p(τ2) 11

120
β4

β−1
∫ β

0
dτ1p(τ1)

∫ β
0
dτ1

∫ τ1
0
dτ2τ2p(τ2) 7

120
β4

p(β)
∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2) 1

8
β4

p(β)
∫ β

0
dτ1

∫ τ1
0
dτ2τ2p(τ2) 1

12
β4

a1E1

κσ3
= 2β

∫ β

0

dτ1p(τ1)

∫ β

0

dτ1τ1p(τ1)− 3β

∫ β

0

dτ1p(τ1)β2p(β) + 4

∫ β

0

dτ1τ1p(τ1)

∫ β

0

dτ1τ1p(τ1)−

− 6

∫ β

0

dτ1τ1p(τ1)β2p(β)− 2β−1

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)

∫ β

0

dτ1τ1p(τ1)+

+ 3β−1

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)β2p(β)− 4β−1

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)

∫ β

0

dτ1τ1p(τ1)+

+ 6β−1

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2)β2p(β) (167)

Iw(a1E1) = −139

72
β5κσ3 (168)
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f Iw(f)

β
∫ β

0
dτ1p(τ1)

∫ β
0
dτ1τ1p(τ1) 5

24
β5

β
∫ β

0
dτ1p(τ1)β2p(β) 1

2
β5∫ β

0
dτ1τ1p(τ1)

∫ β
0
dτ1τ1p(τ1) 2

15
β5∫ β

0
dτ1τ1p(τ1)β2p(β) 1

3
β5

β−1
∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2)

∫ β
0
dτ1τ1p(τ1) 1

18
β5

β−1
∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2)β2p(β) 1

8
β5

β−1
∫ β

0
dτ1

∫ τ1
0
dτ2τ2p(τ2)

∫ β
0
dτ1τ1p(τ1) 13

360
β5

β−1
∫ β

0
dτ1

∫ τ1
0
dτ2τ2p(τ2)β2p(β) 1

12
β5

(ρ1)2 = 4

∫ β

0

dτ1τ1p(τ1)

∫ β

0

dτ1τ1p(τ1)− 12

∫ β

0

dτ1τ1p(τ1)β2p(β) + + 9β2p(β)β2p(β) (169)

Iw(ρ2
1) =

83

15
β5 (170)

f Iw(f)∫ β
0
dτ1τ1p(τ1)

∫ β
0
dτ1τ1p(τ1) 2

15
β5∫ β

0
dτ1τ1p(τ1)β2p(β) 1

3
β5

β2p(β)β2p(β) 1β5

ρ2 = 9

∫ β

0

dτ1τ
2
1 p(τ1)p(τ1) +

∫ β

0

dτ1

∫ τ1

0

dτ2p(τ2)

∫ τ1

0

dτ2p(τ2) + 6

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2)p(τ1)+

+ 4

∫ β

0

dτ1p(τ1)

∫ τ1

0

dτ2τ2p(τ2) +

∫ β

0

dτ1τ
2
1 p(τ1)p(τ1)− β

∫ β

0

dτ1p(τ1)

∫ β

0

dτ1p(τ1)−

− 6β2

∫ β

0

dτ1p(τ1)p(β)− 12β

∫ β

0

dτ1τ1p(τ1)p(β)− 2β3p(β)p(β)+

+ 4p(β)

∫ β

0

dτ1τ1

∫ τ1

0

dτ2p(τ2) + 8p(β)

∫ β

0

dτ1

∫ τ1

0

dτ2τ2p(τ2) (171)

Iw(ρ2) = −9

2
β4 (172)
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f Iw(f)∫ β
0
dτ1τ

2
1 p(τ1)p(τ1) 1

4
β4∫ β

0
dτ1

∫ τ1
0
dτ2p(τ2)

∫ τ1
0
dτ2p(τ2) 1

12
β4∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2)p(τ1) 1

8
β4∫ β

0
dτ1p(τ1)

∫ τ1
0
dτ2τ2p(τ2) 1

12
β4∫ β

0
dτ1τ

2
1 p(τ1)p(τ1) 1

4
β4

β
∫ β

0
dτ1p(τ1)

∫ β
0
dτ1p(τ1) 1

3
β4

β2
∫ β

0
dτ1p(τ1)p(β) 1

2
β4

β
∫ β

0
dτ1τ1p(τ1)p(β) 1

3
β4

β3p(β)p(β) 1β4

p(β)
∫ β

0
dτ1τ1

∫ τ1
0
dτ2p(τ2) 1

8
β4

p(β)
∫ β

0
dτ1

∫ τ1
0
dτ2τ2p(τ2) 1

12
β4

Iw(E2) = κσ2Iw(ρ2) +
(κσ2)

2
Iw((ρ1)2) = −9

2
β4κσ2 +

83

30
β5(κσ2)2 (173)

ā2 = −139

72
β5κσ3 +

18

35
β4σ (174)

ā4 =
81

35
β8κσ3 +

28391

2800
β9κ2σ5 − 42247

2160
β10κ3σ7 +

6889

900
β11κ4σ9 + Iw(a2E2) + Iw(a1E3)+

+ Iw(a3E1) + Iw(a4) = c7β
7σ + c8β

8κσ3 + c9β
9κ2σ5 + c10β

10κ3σ7 +
6889

900
β11κ4σ9 (175)

11 Çàêëþ÷åíèå

Â õîäå ðàáîòû áûëè ìåòîäàìè ñèìâîëüíûõ âû÷èñëåíèé ïîëó÷åíû çíà÷åíèÿ ā2 ā4 êîýôôèöè-
åíòîâ ðÿäà òåîðèè âîçìóùåíèé

< a(t) >=
∑
n

ā2n(t)

λ2n
(176)

Êîýôôèöèåíò ā2

ā2 = −139

72
β5κσ3 +

18

35
β4σ (177)

Îòëè÷àåòñÿ îò âû÷èñëåííîãî ðàíåå â [4]

ā2 =
11

120
β5κσ3 − 59

63
β4σ (178)

Áûë òàêæå âû÷èñëåí êîýôôèöèåíò ïðè β11 â âûðàæåíèè äëÿ ā4

ā4 =
6889

900
β11κ4σ9 + ... (179)

Êîýôôèöèåíòû ïðè îñòàëüíûõ ñòåïåíÿõ β ìîãóò áûòü íàéäåíû ïîñëå âû÷èñëåíèÿ Iw(a4),
Iw(a2E2), Iw(a1E3), Iw(a3E1). Âû÷èñëåíèå ýòèõ çíà÷åíèé íå ïðåäñòàâëÿåò ïðèíöèïèàëüíûõ
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òðóäíîñòåé, à òðåáóåò áîëåå ñëîæíîé ïðîãðàììíîé ðåàëèçàöèè óæå ðàçðàáîòàííîãî àëãîðèò-
ìà.

Â ïðîöåññå àëãîðèòìèçàöèè âû÷èñëåíèé âîçíèêëè ìàòåìàòè÷åñêèå çàäà÷è, êîòîðûå ìîãóò
òàêæå èìåòü è ñàìîñòîÿòåëüíûé èíòåðåñ. Íàïðèìåð, êîìáèíàòîðíàÿ çàäà÷à êëàññèôèêàöèè
äåðåâüåâ, âîçíèêøàÿ ïðè ïîñòðîåíèè àëãîðèòìà âû÷èñëåíèÿ Iw îò ôóíêöèîíàëîâ ïîðÿäêà
4 è âûøå. Èíòåðåñ ïðåäñòàâëÿþò òàêæå âîçíèêàþùèå çäåñü àëãåáðàè÷åñêèå ñòðóêòóðû (ïî-
äðîáíåå îá ýòîì ñêàçàíî â äîïîëíåíèè À). Òàêæå èíòåðåñåí âîïðîñ î ñëîæíîñòè ïîñòðîåííîãî
àëãîðèòìà: êàêîâà àñèìïòîòèêà O(f(n)) çàâèñèìîñòè âðåìåíè âûïîëíåíèÿ ïðîãðàììû îò ïî-
ðÿäêà n òåîðèè âîçìóùåíèé. Íå ñóùåñòâóåò ëè áîëåå áûñòðîãî àëãîðèòìà, íàïðèìåð, àëãîðèò-
ìà ðàáîòàþùåãî çà âðåìÿ O(1)-òî åñòü, òî÷íîé ôîðìóëû äëÿ âû÷èñëÿåìîãî ôóíêöèîíàëüíîãî
èíòåãðàëà?

Ïîëó÷åííûå ðåçóëüòàòû è ðàçðàáîòàííûå ìåòîäû áóäóò ïîëåçíûìè â äàëüíåéøèõ èññëå-
äîâàíèÿõ. Ïëàíèðóåòñÿ òàêæå ÷èñëåííî íàõîäèòü ñðåäíèå çíà÷åíèÿ âåëè÷èí â ýòîé òåîðèè è
ïîëó÷åííûå ðåçóëüòàòû ïîíàäîáÿòñÿ äëÿ ïåðåêð¼ñòíîé ïðîâåðêè. Ðàçðàáîòàííûé àëãîðèòì
ìîæåò áûòü ïðèìåí¼í â ìîäåëè ñ Λ 6= 0, ÷òî ïðåäñòàâëÿåò èíòåðåñ ñ òî÷êè çðåíèÿ êîñìîëîãèè
(ìîäåëü èíôëÿöèè Ñòàðîáèíñêîãî).
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A Èíòåãðèðîâàíèå ïî ÷àñòÿì è âîçìîæíîñòü ïîñòðîåíèÿ

áàçèñà

Ðàññìîòðèì íàèáîëåå îáùèé ôóíêöèîíàë ïåðâîãî ïîðÿäêà:

k1k2
...ks−1ks

(180)

Îí çàâèñèò îò s ïàðàìåòðîâ. Ïîêàæåì, ÷òî ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì åãî ìîæ-
íî ïðåäñòàâèòü â âèäå ëèíåéíîé êîìáèíàöèè ôóíêöèîíàëîâ, êîòîðûå çàâèñÿò ëèøü îò äâóõ
ïàðàìåòðîâ. Äåéñòâèòåëüíî, ïóñòü

Fs = τ ks
∫ τ

0

dτs−1τ
ks−1

s−1

∫ τs−1

0

...τ k22

∫ τ2

0

dτ1τ
k1
1 p(τ1) (181)

-ôóíêöèîíàë, ñîîòâåòñòâóþùèé äåðåâó èç s âåðøèí

Fs = βks
∫ β

0

τ
ks−1

s−1 Fs−1 = βks
∫ β

0

dτs−1

(
τ
ks−1+1
s−1

ks−1 + 1

)′
Fs−1 (182)

=
βks+ks−1+1

ks−1 + 1
Fs−1 − βks

∫ β

0

dτs−1

τ
ks−1+1
s−1

ks−1 + 1
F ′s−1 (183)

êàæäîå ñëàãàåìîå â ôîðìóëå (183) ñîîòâåòñòâóåò äåðåâó ñ s− 1 âåðøèíîé. Ïîâòîðÿÿ äàííóþ
ïðîöåäóðó äîñòàòî÷íîå ÷èñëî ðàç, ïîëó÷èì ëèíåéíóþ êîìáèíàöèþ äåðåâüåâ âñåãî ñ äâóìÿ
âåðøèíàìè. Îáîçíà÷èì

km
(184)

êàê Tm,k. Òîãäà ïðèìåíåíèå îïåðàöèè
∫ β

0
dτ çàïèøåòñÿ â âèäå∫ β

0

dτTmk =
Tm+1,k

m+ 1
− T0,m+k+1

m+ 1
(185)

îïåðàöèÿ óìíîæåíèÿ íà ïåðåìåííóþ â ïðîèçâîëüíîé ñòåïåíè ïðåäñòàâèòñÿ â âèäå

βnTm,k = Tm+n,k (186)

Ââåä¼ì ôóíêöèîíàëû tk

k
(187)

îïåðàöèè èíòåãðèðîâàíèÿ è óìíîæåíèÿ íà βn çàïèøóòñÿ â âèäå

βntk = tk+n

∫ β

0

dτ tk = T0,k (188)

Èç âûøåñêàçàííîãî ñëåäóåò, ÷òî Tm,k è tk ìîæíî âûáðàòü â êà÷åñòâå áàçèñà â ïðîñòðàíñòâå
ôóíêöèîíàëîâ ïåðâîãî ïîðÿäêà F1, ïðè÷¼ì äåéñòâèå ëèíåéíûõ îïåðàòîðîâ βn× è

∫ β
0
dτ ìîæåò
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áûòü ëåãêî ïðåäñòàâëåíî â ýòîì áàçèñå ôîðìóëàìè (185) (186) è (188) Ïðîñòðàíñòâî âñåõ
ôóíêöèîíàëîâ ïðåäñòàâëÿåòñÿ â âèäå áåñêîíå÷íîé ïðÿìîé ñóììû

F =
∞⊕
i=1

Fi (189)

Ïðåäñòàâëÿåò èíòåðåñ çàäà÷à ïîñòðîåíèÿ áàçèñîâ â Fi, àíàëîãè÷íûõ òîìó, ÷òî áûë ïîñòðîåí
äëÿ F1. Ýòî ïîçâîëèò ñèìâîëüíî ïðèâîäèòü ïîäîáíûå ñëàãàåìûå, ñîêðàòèò îáú¼ì ôîðìóë
(a2, íàïðèìåð, ñîäåðæèò 17 ñëàãàåìûõ) è êîëè÷åñòâî ðàçëè÷íûõ âñòðå÷àþùèõñÿ äåðåâüåâ.
Îòìåòèì, ÷òî îïåðàöèè βn× è

∫ β
0
dτ íå âûâîäÿò èç ïðîñòðàíñòâ Fi:

βn× : Fi → Fi

∫ β

0

dτ : Fi → Fi (190)

Äåéñòâèÿ ýòèõ îïåðàòîðîâ äîëæíû áûòü òàêæå çàïèñàíû â êàæäîì èç ïðîñòðàíñòâ Fi. Îïå-
ðàöèÿ óìíîæåíèÿ × ÿâëÿåòñÿ áèëèíåéíûì îòîáðàæåíèåì

× : Fi × Fj → Fi+j (191)

Ïîñëå ïîñòðîåíèÿ áàçèñîâ â ïðîñòðàíñòâàõ Fi áóäåò âîçìîæíî ïðèâîäèòü ïîäîáíûå ñëàãàåìûå
ïðè óìíîæåíèè ôóíêöèîíàëîâ ñ ïîìîùüþ ñòðóêòóðíûõ êîíñòàíò.

B Îáîñíîâàíèå âîçìîæíîñòè äèôôåðåíöèðîâàíèÿ ïî ïà-

ðàìåòðó

Ïóñòü D = (0,∞)2 D̄ = [0,∞)2. Ðàññìîòðèì èíòåãðàë âèäà

I(α, β) =

∫ α

0

∫ β

0

dxdyF (x, y) (192)

ãäå (α, β) ∈ D, ôóíêöèÿ F (x, y) îïðåäåëåíà è íåïðåðûâíà ïðè (x, y) ∈ D̄.
Ëåììà:

I(α, β)-äèôôåðåíöèðóåìà ïðè (α, β) ∈ D
Äîêàçàòåëüñòâî:

Ðàññìîòðèì ôóíêöèþ

Ĩ(x, β) =

∫ β

0

dyF (x, y) (193)

ñîãëàñíî òåîðåìå î íåïðåðûâíîé çàâèñèìîñòè èíòåãðàëà îò ïàðàìåòðà, Ĩ(x, β) íåïðåðûâíà ïî
ñîâîêóïíîñòè ïåðåìåííûõ (x, β) ïðè (x, β) ∈ [0,∞)×(0,∞). Ñëåäîâàòåëüíî, äëÿ èíòåãðàëà

I(α, β) =

∫ α

0

dxĨ(x, β) (194)

ñïðàâåäëèâà òåîðåìà î ôîðìóëå Íüþòîíà-Ëåéáíèöà:

∂I

∂α
= Ĩ(α, β) =

∫ β

0

dyF (α, y) (195)

29



àíàëîãè÷íî
∂I

∂β
=

∫ α

0

dxF (x, β) (196)

∃ ∂I
∂α

,
∂I

∂β
íåïðåðûâíûå â D =⇒ I(α, β) äèôôåðåíöèðóåìà â D (197)

äîêàçàòåëüñòâî çàêîí÷åíî.
Cëåäñòâèå:

d

dβ
I(β, β) =

∫ β

0

dxF (x, β) +

∫ β

0

dyF (β, y) (198)

Äîêàçàòåëüñòâî:

Ðàññìîòðèì I(β, β) êàê ñëîæíóþ ôóíêöèþ I(α(β), β). Â ñèëó äîêàçàííîé âûøå ëåììû
ñïðàâåäëèâà ôîðìóëà äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè:

d

dβ
I(α(β), β) = α′(β)

∂I

∂α
+
∂I

∂β
=

∫ β

0

dxF (x, β) +

∫ β

0

dyF (β, y) (199)

C Ìàòðè÷íàÿ çàïèñü íåêîòîðûõ ôîðìóë

Ôîðìóëà

hk(t) =
k−1∑
l=0

Ml,k−l =
k∑
l=0

k−l∑
s=0

flsT
(s)
k−l (200)

ñîäåðæèò áîëüøîå êîëè÷åñòâî èíäåêñîâ è íå î÷åíü óäîáíà äëÿ âû÷èñëåíèé âðó÷íóþ. Ïðåäñòà-
âèì å¼ â ìàòðè÷íîì âèäå. Ïóñòü èìååòñÿ ïîëèíîì P (α) =

∑n
k=0 pkα

k ñîïîñòàâèì åìó ìàòðèöó

PM =


p0 p1 ... pn
0 p0 ... pn−1

... ... ... ...
0 0 ... p0

 (201)

Áóäåì âåñòè âñå âû÷èñëåíèÿ ñ òî÷íîñòüþ äî o(αn+1). Ââåä¼ì ïîëèíîìû Q(α) =
∑n

k=0 qkα
k è

R(α) =
∑n

k=0 rkα
k.Åñëè R = PQ, òî äëÿ êîýôôèöèåíòîâ ñïðàâåäëèâî ñîîòíîøåíèå

rk =
k∑
s=0

psqk−s (202)

Ïðÿìûì âû÷èñëåíèåì ìîæíî óáåäèòüñÿ, ÷òî çàïèñü (202) ýêâèâàëåíòíà

RM = PMQM (203)

Ýòîò ôàêò îáñóæäàåòñÿ â [5]. Ðàíåå ìû ââîäèëè êîýôôèöèåíòû T
(s)
m êàê

(τ − τ0)s =

(
∞∑
k=1

τkα
k

)s

=
∞∑
m=0

T (s)
m αm (204)

Ìàòðèöà ýòèõ êîýôôèöèåíòîâ ìîæåò áûòü ïðåäñòàâëåíà êàê

T (s) = (τM − τ0I)s (205)
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Îòìåòèì, ÷òî ìàòðèöà τM − τ0I íèëüïîòåíòíà, ÷òî ñîãëàñóåòñÿ ñ

T (s)
m = 0 m < s (206)

ôîðìóëà 205 ýêâèâàëåíòíà ïîëó÷åííîé ðàíåå

T (s)
m =

m−1∑
r=s−1

T (s−1)
r τm−r (207)

Ââåä¼ì ìíîãî÷ëåíû fs =
∑

k fksα
k. Òîãäà (200) çàïèøåòñÿ â âèäå:

hM =
∞∑
s=0

fMs (τM − Iτ0)s (208)

Â ñèëó íèëüïîòåíòíîñòè ìàòðèöû τM − Iτ0 â ñóììå îòëè÷íî îò 0 ëèøü êîíå÷íîå ÷èñëî ñëà-
ãàåìûõ. Óðàâíåíèå äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ τk çàïèøåòñÿ â âèäå

tI =
∞∑
s=0

gMs (τM − Iτ0)s (209)

Èñïîëüçîâàííàÿ ðàíåå èòåðàöèîííàÿ ïðîöåäóðà âû÷èñëåíèÿ τk ñîîòâåòñòâóåò ðåøåíèþ óðàâ-
íåíèÿ (209) ìåòîäîì èòåðàöèé.

D Êîýôôèöèåíòû ôóíêöèé îò ðÿäîâ

Ïóñòü èìååòñÿ ðÿä P (α) =
∑

k=0 pkα
k íåîáõîäèìî íàéòè êîýôôèöèåíòû En â ðàçëîæåíèè

E(α) = eP (α) =
∑
n=0

Enα
n (210)

Âîñïîëüçóåìñÿ ðàçëîæåíèåì ïðîèçâîäíîé

P ′(α) =
∑
k=1

kpkα
k−1 =

∑
k=0

(k + 1)pk+1α
k (211)

E ′(α) = E(α)P ′(α) (212)

Ïîäñòàâëÿÿ E è P â âèäå ðÿäà, ïîëó÷èì∑
n

(n+ 1)En+1α
n =

∑
n

(
n∑
s=0

(s+ 1)ps+1En−s

)
αn =

∑
n

(
n+1∑
s=1

spsEn+1−s

)
αn (213)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ α ïîëó÷èì

En =
1

n

n∑
s=1

spsEn−s (214)

Àíàëîãè÷íî íàéä¼ì êîýôôèöèåíòû qn:

Q(α) =
1

P (α)
=
∑
n=0

qnα
n (215)

Q′(α) = −Q2(α)P ′(α) (216)

qn =
n−1∑
m=0

m∑
s=0

qsqm−spn−m

(m
n
− 1
)

(217)
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