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Ôîðìóëû, D = 2

1. Ìàéîðàíîâñêèé ôåðìèîí.

(a) Ïðîñòðàíñòâî Ìèíêîâñêîãî:
γ0 = −iτ 2, γ1 = τ 1

ΨC ≡ CΨ∗ = Ψ, C = γ0γ1

SM = −g
2

∫
d2x iΨ̄γµ∂µΨ

(b) Ïðîñòðàíñòâî Åâêëèäà:

Ψ =

(
ψ
ψ̄

)
SE = ig

∫
d2x

(
ψ∂̄ψ + ψ̄∂ψ̄

)
ψ : (h, h̄) = (1/2, 0)
ψ̄ : (h, h̄) = (0, 1/2)

〈ψ(z)ψ(z′)〉 =
1

2πig(z − z′)
〈ψ̄(z̄)ψ̄(z̄′)〉 =

1

2πig(z̄ − z̄′)
T (z) = −iπg : ψ∂ψ :
T̄ (z̄) = −iπg : ψ̄∂̄ψ̄ :

T (z)T (w) ∼ 1/4
(z−w)4

+ 2T (w)
(z−w)2

+ ∂T (w)
z−w

2. Ïðåîáðàçîâàíèå ÒÝÈ:
δεT = −2T∂ε− ε∂T − c∂3ε/12

T ′(w) =
(
dw
dz

)−2 (
T (z)− c

12
{w; z}

)
=
(
dw
dz

)−2
T (z) + c

12
{z; w}

{w; z} =
d3w/dz3

dw/dz
− 3

2

(
d2w/dz2

dw/dz

)2

3. Ãèëüáåðòîâî ïðîñòðàíñòâî:
z = eτ+2πiσ/L, z̄ = eτ−2πiσ/L

|ϕin〉 = limz,z̄→0 ϕ(z, z̄)|0〉
z† = 1/z̄
[ϕ(z, z̄)]† = z̄−2hz−2h̄ϕ(1/z̄, 1/z)
〈ϕout| = limz,z̄→∞〈0| [ϕ(z, z̄)]†

〈ϕout|ϕin〉 = Cϕ

4. Îïåðàòîðíûé ôîðìàëèçì:

Rϕ1(z)ϕ2(w) =

{
ϕ1(z)ϕ2(w), |z| > |w|
ϕ2(w)ϕ1(z), |w| > |z|

Qi =
∮
dz ji(z)

[Q1, b(w)] = R
∮
w

dz j(z)b(w)

5. Ãåíåðàòîð êîíôîðìíûõ ïðåîáðàçîâà-
íèé:
[Q1, Q2] = R

∮
dw
∮
w

dz j1(z)j2(w)

Q =
∮

dz
2πi

ε(z)T (z)
δεϕ = −[Q, ϕ]

6. OPE äëÿ ÒÝÈ:
T (z)T (w) ∼ c/2

(z−w)4
+ 2T (w)

(z−w)2
+ ∂T (w)

z−w

7. Ðàçëîæåíèå ïî ìîäàì:
ϕ(z, z̄) =

∑
mn

z−m−hz̄−n−h̄ ϕmn

ϕmn =
∮

dz
2πi

zm+h−1
∮

dz̄
(−2πi)

z̄n+h̄−1 ϕ(z, z̄)

ϕ†m,n = ϕ−n,−m
ϕmn|0〉 = 0, m > −h, n > −h̄

8. Àëãåáðà Âèðàñîðî:
T (z) =

∑
m

z−m−2 Lm

T̄ (z̄) =
∑
n

z̄−n−2 L̄m

Lm =
∮

dz
2πi

zm+1T (z)

[Lm, Lm′ ] = c(m3−m)
12

δm+m′ + Lm+m′(m−m′)

9. ¾Ñòàöèîíàðíûå¿ ñîñòîÿíèÿ:
|h, h̄〉 = ϕhh̄(0, 0)|〉
L0|h, h̄〉 = h|h, h̄〉, L̄0|h, h̄〉 = h̄|h, h̄〉
L−n|h, h̄〉 = |h+ n, h̄〉

10. Ìîäóëü Âåðìà:
Ln|0〉 = 0, n ≥ −1
|h = 5〉 = L−2L−3|0〉
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Çàäà÷è

1. Íàéòè ìàòðèöó çàðÿäîâîãî ñîïðÿæåíèÿ äâóìåðíûõ ôåðìèîíîâ C èç óñëîâèÿ
jCµ = −jµ, ãäå jµ � ýëåêòðè÷åñêèé òîê.

2. Â ìîäåëè 1 âû÷èñëèòü OPE ψ(z)ψ(w), ψ(z)∂ψ(w).

3. Âû÷èñëèòü OPE T̄ (z̄)ψ̄(w̄).

4. Âû÷èñëèòü âåñà ïîëåé ψ è ψ̄, ðàññìàòðèâàÿ òîæäåñòâà Óîðäà

2〈Tzz̄(x)ψ̄(x′)〉 = −δ2(x− x′)h̄ψ̄〈ψ̄(x)〉
2〈Tz̄z(x)ψ(x′)〉 = −δ2(x− x′)hψ〈ψ(x)〉

5. Äîêàçàòü ñâîéñòâî ïðîèçâîäíîé Øâàðöà:

{u; z} = {w; z}+

(
dw

dz

)2

{u; w} .

6. Äîêàçàòü ãðóïïîâîå ñâîéñòâî ïðåîáðàçîâàíèÿ ÒÝÈ: êîìáèíàöèÿ ïðåîáðàçîâàíèé
z → w(z)→ u(w(z)) ïðèâîäèò ê òîìó æå ðåçóëüòàòó, ÷òî è ïðÿìîå ïðåîáðàçîâàíèå
z → u(w(z)).

7. Ïîêàçàòü, ÷òî ïðîèçâîäíàÿ Øâàðöà îò ãëîáàëüíîãî êîíôîðìíîãî ïðåîáðàçîâàíèÿ
ðàâíà íóëþ.

8. Âû÷èñëèòü âàêóóìíîå ñðåäíåå ÒÝÈ êîíôîðìíîé òåîðèè íà äâóìåðíîì êîíóñå ñ
óãëîì ðàñòâîðà α.

9. Ïîêàçàòü, ÷òî ãåíåðàòîð êîíôîðìíûõ ïðåîáðàçîâàíèé 5 ïðåäñòàâèì â âèäå
Q =

∑
m εmLm, ãäå ε(z) =

∑
m z

m+1εm.

10. Ïðîâåðèòü ôîðìóëó îáðàòíîãî ïðåîáðàçîâàíèÿ 7.

11. Âû÷èñëèòü [L̄n, L̄n′ ].

12. Ïîêàçàòü, ÷òî L−1, L0, L1 ñîîòâåòñòâóþò ñäâèãàì, äèëàòàöèÿì è ñïåöèàëüíûì
êîíôîðìíûì ïðåîáðàçîâàíèÿì.

13. Âûâåñòè êîììóòàöèîííîå ñîîòíîøåíèå

[Lm, ϕm′ ] = (m(h− 1)−m′)ϕm+m′ .
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