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Ôîðìóëû, D 6= 2

1. Ñîãëàøåíèÿ:
ηµν = diag(−1, 1, . . . , 1)
t = −ixD

2. Ïðèìåð D = 2:
S = −1

2

∫
d2x (∂µX)2

u = x1 − x0, v = x1 + x0

Ñèììåòðèÿ: u→ u′(u), v → v′(v)

3. Ïðåîáðàçîâàíèÿ:
x→ x′ = x− ξ
δT ≡ T ′(x)− T (x) = £ξT
£ξT

µ
ν ≡ ξλ∂λT

µ
ν − T λν ∂λξµ + T µλ ∂νξ

λ

4. Êîíôîìíûå ïðåîáðàçîâàíèÿ:
g′µν = Ω2ηµν
Ω = 1 + ω ⇒ £ξηµν = 2ωηµν

5. Êîíôîðìíûå ïðåîáðàçîâàíèÿ, D 6= 2:
ξµ = aµ+λxµ+mµνx

ν+(2xµ(bx)−bµx2)
mµν = −mνµ

Áîëüøèå ïðåîáðàçîâàíèÿ:

(a) Òðàíñëÿöèè: xµ′ = xµ + Aµ

(b) Äèëàòàöèè: xµ′ = Λxµ

(c) Ïîâîðîòû: xµ′ = Mµ
ν x

ν

(d) Ñïåöèàëüíûå êîíôîðìíûå (SCT)

6. Àëãåáðà Ïóàíêàðå:
Pµ = −i∂µ
Lµν = i(xµ∂ν − xν∂µ)
[Pµ, Pν ] = 0
[Pµ, Lνλ] = i(ηµνPλ − ηµλPν)
[Lµν , Lλρ] = i(ηµρLνλ + ηνλLµρ)− (µ↔ ν)

7. Êîíôîðìíàÿ àëãåáðà, D 6= 2:
D = −ixµ∂µ
Kµ = −i(2xµxν∂ν − x2∂µ)
[D, Pµ] = iPµ

[D, Kµ] = −iKµ

[Kµ, Pν ] = 2i(ηµνD − Lµν)
[Kµ, Lλρ] = i(ηµλKρ − ηµρKλ)
[Kµ, Kν ] = 0

8. Ïðåäñòàâëåíèÿ, D 6= 2:
Lµν = Sµν + i(xµ∂ν − xν∂µ)
D = ∆̃− ixµ∂µ
Kµ = κµ+2xµ∆̃−2xνSµν−i(2xµ(x∂)− x2∂µ)
Íåïðèâîäèìîå: ∆̃ = i∆, κµ = 0.

9. Òîêè: πµ = ∂L/∂(∂µϕ)
Jµξ = πµδξϕ− ξµL
θµν = πµ∂νϕ− δµνL
θµν = T µν + ∂ρY

ρµ
ν

Y ρµ
α = − i

2
[πρSµαϕ− πµSραϕ− παSρµϕ]

JµD = T µν x
ν+V µ, ãäå V µ = ∆πµϕ−Y λµ

λ

Jµα = (2xαx
λ − x2δλα)T µλ + 2xαV

µ

∂µJ
µ
D = 0 ⇒ ∂µJ

µ
α = 2Vα.

10. Óðàâíåíèÿ äâèæåíèÿ:
〈δS/δΦ(x) · Φ(y)〉 = δ(x− y)

11. Êîððåëÿòîðû: rij = |xi − xj|

〈Φ1(x′1) . . .Φn(x′n)〉 =
∏
i

∣∣∣∣∂x′i∂xi

∣∣∣∣−∆i/D

× 〈Φ1(x1) . . .Φn(xn)〉
〈Φ1Φ2〉 =

C12δ∆1∆2

r2∆1
12

〈Φ1Φ2Φ3〉 =
C123

r∆1+∆2−∆3
12 r∆1+∆3−∆2

13 r∆2+∆3−∆1
23

Àíãàðìîíè÷åñêèå ÷àñòíûå:

η =
r12r34

r13r24

, η′ =
r12r34

r23r14

12. Òîæäåñòâà Óîðäà:X = Φ1(x1) . . .Φn(xn)∫
dDx ωa(x)∂µ〈Jµa (x)X〉 = 〈δX〉

∂µ〈T µν (x)X〉 = −
∑

i δ(x− xi)
∂

∂xνi
〈X〉

〈T µµ (x)X〉 = −
∑

i δ(x− xi)∆i〈X〉
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Çàäà÷è

1. Íàéòè áîëüøèå ñïåöèàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ (ï. 5d), è ñîîòâåòñòâó-
þùèå èì êîíôîðìíûå ôàêòîðû Ω2.

2. Âûâåñòè êîììóòàöèîííûå ñîîòíîøåíèÿ 7.

3. Ïîêàçàòü, ÷òî êîíôîðìíàÿ àëãåáðà 6, 7 èçîìîðôíà so(D + 1, 1) è so(D, 2) äëÿ
ïðîñòðàíñòâ Åâêëèäà è Ìèíêîâñêîãî, ñîîòâåòñòâåííî.

4. Äîêàçàòü, ÷òî âàðèàöèÿ ëþáîãî îáùåêîâàðèàíòíîãî äåéñòâèÿ ïðè êîîðäèíàòíûõ
ïðåîáðàçîâàíèÿõ ðàâíà

δξS =

∫
dDx

(
δS

δϕ
δϕ− T µνDµξν

√
−g
)
≡ 0 , (1)

ãäå Tµν = 2√
−g · δS/δg

µν � ãðàâèòàöèîííûé òåíçîð ýíåðãèè�èìïóëüñà. Èñïîëüçóÿ

óðàâíåíèå (1), ïîêàçàòü, ÷òî êîíôîðìíûå òîêè ìîæíî çàïèñàòü â âèäå Jµξ = T µν ξ
ν .

5. Âûâåñòè ôîðìóëó 8 äëÿ Kµ.

6. Ïðîâåðèòü, ÷òî ïðåîáðàçîâàíèå

Φ′(x′) =

∣∣∣∣∂x′∂x

∣∣∣∣−∆/D

Φ(x) (2)

åñòü �áîëüøîå� êîíôîðìíîå ïðåîáðàçîâàíèå ïîëÿ ñ Sµν = 0.

7. Ïîêàçàòü, ÷òî òåíçîð T µν â ï. 9 ñèììåòðè÷åí íà óðàâíåíèÿõ äâèæåíèÿ. Óêàçàíèå.
Âûâåñòè ñîõðàíÿþùèéñÿ òîê Mµνλ, ñîîòâåòñòâóþùèé ìîìåíòó.

8. Âûâåñòè êîíôîðìíûé òîê Jµα â ï. 9.

9. Ïóñòü äèëàòîííûé òîê ñîõðàíÿåòñÿ, à Vµ = ∂αL
α
µ. Ïîêàçàòü, ÷òî óëó÷øåííûé

òåíçîð ýíåðãèè�èìïóëüñà

T̂µν = Tµν −
1

D − 2

(
∂µ∂

αL(αν) + ∂ν∂
αL(αµ) − ∂2L(µν) − ηµν∂α∂βLαβ

)
− 1

(D − 2)(D − 1)

(
ηµν∂

2Lαα − ∂µ∂νLαα
)

ñîõðàíÿåòñÿ ÿâëÿåòñÿ áåññëåäîâûì. Çäåñü L(µν) = 1
2
(Lµν + Lνµ).

10. Ïîêàçàòü, ÷òî êëàññè÷åñêîå áåçìàññîâîå ñêàëÿðíîå ïîëå êîíôîðìíî�èíâàðèàíòíî
â ëþáîé ðàçìåðíîñòè D ≥ 3. Íàéòè óëó÷øåííûé òåíçîð ýíåðãèè�èìïóëüñà. Êàêîé
ïîòåíöèàë ìîæíî äîáàâèòü?

11. Ïîêàçàòü, ÷òî η è η′ èíâàðèàíòíû îòíîñèòåëüíî êîíôîðìíûõ ïðåîáðàçîâàíèé.

12. Ïîêàçàòü, ÷òî òðåõòî÷å÷íàÿ ôóíêöèÿ ï. 11 ïðåîáðàçóåòñÿ ïî ïðàâèëüíîìó çàêîíó.
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