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Ôîðìóëû

1. Èíòåãðèðîâàíèå ôîðì:
n! dx1 ∧ · · · ∧ dxn → dx1 . . . dxn

εµνλρ =
√
−g εµνλρ

ε̂ = εµνλρ dx
µ ∧ dxν ∧ dxλ ∧ dxρ

Òåîðåìà Ñòîêñà:
∫
∂Vp

ω̂p−1 = p
∫
Vp
dω̂p−1

2. Îáîëî÷êà Σ:
0-å óñëîâèå ñøèâêè:

γ±ij =
∂yµ±
∂xi

∂yν±
∂xj

g±µν

∣∣∣
Σ

γ+
ij = γ−ij = γij
Ãàóññîâû íîðìàëüíûå êîîðäèíàòû:
ds2 = εdn2 + γijdx

idxj

Âíåøíÿÿ íîðìàëü:
uµ = εDµn
Âíåøíÿÿ êðèâèçíà:

Kµν = Dνuµ

∣∣∣
Σ

Kij =
∂yµ

∂xi
∂yν

∂xj
Kµν

= £u(uµuν − gµν)
Kµ
µ = θ

Òåíçîð ýíåðãèè�èìïóëüñà:
Tµν = δ(n)Sµν
uµSµν = 0 , DνS

ν
µ = 0

Óñëîâèå Èçðàýëÿ:
[Kj

i ]− δij[K] = −8πεSji

3. Ìàññà ÷åðíîé äûðû:
M = 1

8π

∫
S
dxµ ∧ dxν εµνλρDλξρ

4. Äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî ãåî-
äåçè÷åñêèõ xµ = xµ(s, τ):
uµ = ∂xµ/∂τ , uµuµ = ε
Xµ = ∂xµ/∂s � âåêòîð îòêëîíåíèÿ
vµ = uνDνX

µ , aµ = uνDνv
µ

aµ = −R µ
νλρ uνXλuρ

5. Êîíãðóýíöèè ãåîäåçè÷åñêèõ:
Bµν = Dνuµ , uµBµν = Bµνu

ν = 0
uνDνX

µ = Bµ
ν X

ν

γµν = gµν − uµuν
θ = Bµνγ

µν � ðàñõîäèìîñòü
ωµν = (Bµν −Bνµ)/2 � ïîâîðîò
σµν = (Bµν +Bνµ)/2− θγµν/3 � ñäâèã
Bµν = ωµν + σµν + θγµν/3
uνDνBµλ = uνuρRνλµρ −Bν

λBµν

Óðàâíåíèå Ðàé÷àóäõóðè:
dθ/dτ = uνDνθ

= −Rµνu
µuν+ωµνω

µν−σµνσµν−θ2/3
Ñâåòîïîäîáíûå ãåîäåçè÷åñêèå: kµk

µ = 0

B̂µν = ω̂µν + σ̂µν + θγ̂µν/2
dθ/dλ = −kµRµνk

ν + ω̂µνω̂
µν

− σ̂µν σ̂µν − θ2/2

6. Ýíåðãåòè÷åñêèå óñëîâèÿ:
uµuµ = 1 , kµk

µ = 0
Tµνu

µuν ≥ 0 � ñëàáîå
Rµνu

µuν ≥ 0 � ñèëüíîå
Rµνk

µkν ≥ 0 � íóëåâîå
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Çàäà÷è

1. Äîêàçàòü, ÷òî âíåøíÿÿ ïðîèçâîäíàÿ îò äèôôåðåíöèàëüíîé ôîðìû � äèôôåðåí-
öèàëüíàÿ ôîðìà (ò.å. ñâåðòêà òåíçîðà ñ äèôôåðåíöèàëàìè).

2. Ïîêàçàòü, ÷òî
dy1 ∧ · · · ∧ dyn = det (∂y/∂x) dx1 ∧ · · · ∧ dxn ,

ãäå y = y(x), n � ðàçìåðíîñòü ìíîãîîáðàçèÿ.

3. Ïîëó÷èòü ôîðìóëû Ãðèíà è Îñòðîãðàäñêîãî�Ãàóññà èç òåîðåìû Ñòîêñà.

4. Ïîêàçàòü, ÷òî εµνλρ = εabcd e
a
µe
b
νe
c
λe
d
ρ.

5. Ïîêàçàòü, ÷òî Dκεµνλρ = 0.

6. Âû÷èñëèòü ìàññó ÷åðíîé äûðû ïî ôîðìóëå 3, èñïîëüçóÿ ñôåðó ðàäèóñà R > 2M .

7. Èñïîëüçóÿ óñëîâèÿ ñøèâêè 2, ïîëó÷èòü óðàâíåíèå äâèæåíèÿ äëÿ âàêóóìíîé ñôå-
ðè÷åñêîé âðåìåíèïîäîáíîé îáîëî÷êè, Sji = s δji .
Óêàçàíèå. Âûáðàòü ìåòðèêó íà ïîâåðíîñòè îáîëî÷êè â âèäå ds2 = dτ 2 − ρ2(τ)dΩ2

è ïîëó÷èòü óðàâíåíèå íà ρ(τ).

8. Ïîêàçàòü, ÷òî âåêòîð îòêëîíåíèÿ â 4 ìîæåò áûòü âûáðàí îðòîãîíàëüíûì ê ãåîäå-
çè÷åñêèì, uµXµ = 0, ñ ïîìîùüþ ïðàâèëüíîãî âûáîðà íà÷àëà îòñ÷åòà ñîáñòâåííîãî
âðåìåíè, τ → τ ′ = τ + f(s).

9. Âûâåñòè óðàâíåíèå äëÿ îòêëîíåíèÿ ãåîäåçè÷åñêèõ 4.

10. Ïîëó÷èòü óðàâíåíèå äëÿ ñäâèãà σµν . Ïîêàçàòü, ÷òî Rµνλρu
νuρ 6= 0 â íåêîòîðîé

òî÷êå ïðèâîäèò ê âîçíèêíîâåíèþ íåíóëåâîãî ñäâèãà σµν â îêðåñòíîñòè ýòîé òî÷êè.

11. Âûâåñòè óðàâíåíèå Ðàé÷àóäõóðè äëÿ íóëåâûõ ãåîäåçè÷åñêèõ.
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