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Ôîðìóëû

1. Êðàñíîå ñìåùåíèå:

ωf

ωi

=

(

1− 2M/ri
1− 2M/rf

)1/2

2. �åîäåçè÷åñêèå: ˙ = d/dτ
E = ṫ (1− 2M/r)
L = r2φ̇
ṙ2/2 + V (r) = E2/2
V (r) = 1

2
(1− 2M/r)(κ+ L2/r2)

3. Óñêîðåíèå:

aµ = uνDνu
µ

4. Ïðîñòðàíñòâî �èíäëåðà:

ds2 = x2dt2 − dx2

U = −x e−t , V = x et

5. Êîîðäèíàòû Êðóñêàëà:

r∗ = r + 2M ln(r/2M − 1)
U = − exp [−(t− r∗)/4M ]
V = exp [(t+ r∗)/4M ]

ds2 =
32M3

r
e−r/2MdUdV − r2dΩ2

6. Êîí�îðìíîå ïðîáðàçîâàíèå: ḡµν = Λ2ηµν
U = T −X = w arctg

(

t−x
w

)

V = T +X = w arctg
(

t+x
w

)

ds̄2 = dT 2 − dX2 −
w2

4
sin2(2R/w) dΩ2

7. Äèàãðàììû Ïåíðîóçà:

i0

I+

i+

i−

I−

• i0 � ïðîñòðàíèñòâåííàÿ áåñêîíå÷-

íîñòü

• i− (i+) � âðåìåííàÿ áåñêîíå÷íîñòü

ïðîøëîãî (áóäóùåãî)

• I− (I+) � ñâåòîïîäîáíàÿ áåñêî-

íå÷íîñòü ïðîøëîãî (áóäóùåãî)
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i′−
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• s− (s+) � ñèíãóëÿðíîñòü ïðîøëî-

ãî (áóäóùåãî)

• H− (H+) � ãîðèçîíò áåëîé (÷åð-

íîé) äûðû
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Çàäà÷è

1. Ïîêàçàòü, ÷òî êóëîíîâñêîå ðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì ñ�åðè÷åñêè�

ñèììåòðè÷íûì ðåøåíèåì óðàâíåíèé Ìàêñâåëëà â ïóñòîòå. Ïðåäïîëîæåíèå î ñòà-

öèîíàðíîñòè íå èñïîëüçîâàòü.

2. Ïîêàçàòü, ÷òî ðàäèóñ êðóãîâîé îðáèòû â ìåõàíèêå Íüþòîíà ðàâåí R = L2/M , ãäå

L = vR � ìîìåíò èìïóëüñà, M � ìàññà öåíòðàëüíîãî òåëà.

3. Îöåíèòü ïåðèîä âðàùåíèÿ ïåðèãåëèÿ Ìåðêóðèÿ.

4. Íàéòè ìèíèìóì ïîòåíöèàëà 2 è ÷àñòîòó êîëåáàíèé îêîëî ìèíèìóìà.

5. Âûâåñòè âûðàæåíèå äëÿ îòêëîíåíèÿ ëó÷à ñâåòà. Óêàçàíèå. Âûðàçèòü dφ/dr èç

óðàâíåíèé 2, çàòåì âîñïîëüçîâàòüñÿ ðàçëîæåíèåì ïî M/r ≪ 1.

6. Èñïîëüçóÿ ðåçóëüòàòû ïðåäûäóùåé çàäà÷è, îöåíèòü îòêëîíåíèå ëó÷à ñâåòà, ïðî-

õîäÿùåãî âáëèçè ïîâåðõíîñòè Ñîëíöà.

7. Ñ ïîìîùüþ âû÷èñëåíèÿ à�èííîãî ïàðàìåòðà âäîëü ãåîäèçè÷åñêèõ ïîêàçàòü, ÷òî

ïðîñòðàíñòâî �èíäëåðà � ãåîäåçè÷åñêè íåïîëíîå.

8. Ïîêàçàòü, ÷òî ñòàòè÷åñêèå (x = 
onst) íàáëþäàòåëè â ïðîñòðàíñòâå �èíäëåðà

îáëàäàþò ïîñòîÿííûì ñîáñòâåííûì óñêîðåíèåì a = 1/x. Ñðàâíèòü óñêîðåíèå, âû-
÷èñëåííîå ïî �îðìóëå 3 ñ óñêîðåíèåì â ïëîñêîì ïðîñòðàíñòâå (U, V ).

9. Âû÷èñëèòü ñîáñòâåííîå óñêîðåíèå ñòàòè÷åñêèõ íàáëþäàòåëåé â ïðîñòðàíñòâå

Øâàðäøèëüäà.

10. Ïîêàçàòü, ÷òî ðàäèàëüíûå ñâåòîïîäîáíûå ãåîäåçè÷åñêèå äîñòèãàþò ñèíãóëÿðíî-

ñòåé ðåøåíèÿ Øâàðäøèëüäà ïðè êîíå÷íûõ çíà÷åíèÿõ à�èííîãî ïàðàìåòðà.

11. Çàïèñàòü ðåøåíèå Øâàðäøèëüäà â êîîðäèíàòàõ Ëåìàòðà

ds2 = dτ 2 − [dr − v(r)dτ ]2 − r2dΩ2 , (1)

ãäå τ = t + f(r). Íàéòè �óíêöèè v(r), f(r). Ïîêàçàòü, ÷òî ìåòðèêà (1) íå ñèíãó-

ëÿðíà ïðè r = 2M . Ïîêàçàòü, ÷òî τ � ñîáñòâåííîå âðåìÿ âäîëü âðåìåíèïîäîáíûõ

ãåîäåçè÷åñêèõ, ïàäàþùèõ íà ÷åðíóþ äûðó èç ïðîñòðàíèñòâåííîé áåñêîíå÷íîñòè ñ

íóëåâîé íà÷àëüíîé ñêîðîñòüþ; v = dr/dτ � ñêîðîñòü âäîëü ýòèõ ãåîäåçè÷åñêèõ.
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